Chapter 5

Magnetostatics



History

At first, Electricity and Magnetism

appeared to the separated, unrelated
subjects

 Electricity deals with forces between
charges

* Magnetism deals with forces between
magnets



The year 1820

July 21, Hans Christian Oersted noted the deflection

of a magnetic compass needle caused by an electric
current.

July 27, André Marie Ampere confirmed Oersted's = g
results and presented extensive experimental resultsto ™™
the French Academy of Science.

He modeled magnets in terms of molecular electric
currents.

He discovered electrodynamical forces between linear

e
wires before the end of September. F .

Initiated the unification program of electricity and
mag netism. (1775 - 1836)
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Forces Between Wires

Force Is observed between two wires carrying currents

Note: A test charge at rest near the wires experiences no force
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Forces Between Magnets



Currents (Charges in motion)
Produce Magnetic Fields

Why???



» Electrostatics: Source charges at rest

* Magnetostatics: Source charges moving,
giving rise to steady currents and constant

current densities




What Is the force exerted on a test
charge Q, by some source
charges ¢,,0,,05, "7
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* When the source charges are at rest, It IS
observed that the force acting on the test

charge Is In general position dependent but
Independent of the motion of the test charge

e Hence one can

— assigning to the test charge a number Q, called
Its charge

— assigning to every point in space a vector called
the electric field E

* The force can then be given by
Fc = QE

 This Is called the electric force



What if the source charges are moving?

When the source charges are moving, it is found
that there may be another force in addition to the
electric force

It is verified by experiments that this additional
force is velocity-dependent and can be
described by associating to every point in space
a vector called the magnetic field B

This force is then given by s |
FB — QV X B AA

This Is called the magnetic force



Lorentz Force Law

F=Q(E+vxB)

Velocity-independent force

— E field Velocity-dependent force
-> B field



Magnetic forces do no work

If the charge moves a displacement

dl = vdt

The work done by the magnetic force F: is
dW, =F; -dl = Q(VX B)-th

But vxB LV
~.dW, =0



Example: Cyclotron motion

Consider a charge Q in a uniform magnetic field B. The
velocity v of the charge is perpendicular to B.

By Lorentz force law,

V2 ¢ -

F=QvB=m— ® ®

R ® ®

where R is the radius of the circle " & &
Cop=mv=0QBR 2 ®

%) v



Example: Cyclotron motion

If v has a component parallel to B:
v=Vv'4+v"
F=QvxB
:Q(v”+vl)xB
=Qv xB

Besides, F1B
SFELV!

Therefore, V'is unchanged.
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Example: Cyclotron motion

The particle moves in a helix.
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Example: Electron charge-mass ratio

Consider an electron moving in a region of uniform E-field
and B-field.
E & B

Y

>
v

If the fields are adjusted such that the electron experiences
no net force and moves with a constant velocity v

Then eE =eB

v=E



Example: Electron charge-mass ratio

Switch off the E-field and measure the radius of the circular
trajectory, R,

mv =eBR

eBR E

]
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currents

Currents are due to the motion of charges
It measures the rate of flow of charges
the Sl unit of current : ampere (A)

One ampere means there is one Coulomb of charges
flowing through in one second

1A =1C/s




currents

Current | = rate of flux of charges

Current has both magnitude and direction

It is a vector

Magnitude: | =dq/dt

Direction is determined by the motion of charges

— In most situations, it is due to the flow of negative charges
(electrons) in a certain direction

— But conventionally, we imagine that it is due to the flow of
positive charges in the opposite direction

Direction of current:

— The same direction of the flow of positive charges

— Opposite direction to the flow of negative charges




Line Current

Charges flowing along a “wire” with negligible cross
section area.

Linear charge density 4
Charges inside moving at velocity v

dg = Avdt

el

s l=Av



Surface Current Density

* Charges flowing inside a “sheet” with negligible
thickness

« Surface charge density o
« Charges moving with velocity v

Then dq — o'dILVd’[ —> ﬂ = ovdI

e
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Surface Current Density

» Def: Surface current density K:

— Magnitude: Rate of charge flow per unit
length-perpendicular-to-flow

— Direction: v (if ois positive), -v (if ols
negative)
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Surface Current Density

* In general, If the unit vector n, which Is
perpendicular to the line segment, makes
an angle @ with the direction of K, the rate
of flow In the direction of 1 Is

d_q: K-dIn
dl, =dlcosé dt

)

dl



Volume Current Density

* Charges flowing inside a volume
* The volume charge distribution p.
* The charges are moving with velocity v.

Then dg=pvdt-da, — dq _ pvda,

dt



Volume Current Density

* Def: Volume current density J.

— Magnitude: Rate of charge flow per unit area-
perpendicular-to-flow

1 dg
da, dt

— Direction: v (if pis positive), -v (if p Is negative)

OV




Volume Current Density

* In general, If the area element da makes
an angle @ with the direction of J, the flux
In the direction of da Is

%:J-da

da dt

da, =dacosé@ i .~



Continuity Equation

(Derivation in 3D here. The derivations in 1D and 2D are similar.)

Consider the current crossing a closed surface S:

I :c_'SSJdaL =§f>SJ-da
:jV(V-J)dT

Since charge is conserved locally,

%Lpdfz—qSSJ.da

L%drz—jy(v-\])df



Continuity Equation

(Derivation in 3D here. The derivations in 1D and 2D are similar.)

P4z =—{v-o
Loty

Since this is true for arbitrary volume )] hence

%"’Jrv.\] =(Q| «—continuity equation




Force Experienced by Currents
Inside Given B Field

* Current are due to charges in motion.

* By Lorentz force law, moving charges will
experience magnetic forces in B field.

« Hence, inside B field, with no E field -




Magnetic Force on Currents

* Line Current:
Fo = [da(vxB)=[(vxB)Adl = [(I1xB)

A



Magnetic Force on Currents

 Line Current:

For line current, | is along the wire. So we define dlI
with the same direction as |.

- ldl = 1dl

Fo = [ (1xB)dl

l
" Fg = [1(dIxB)



Magnetic Force on Currents

* Line Current:
~.Fg = [1(dIxB)

If the B-field is uniform, then

Fo = 1([dl)xB
=1l xB

y



Magnetic Force on Currents

« Surface Current Density :

Fo = [da(vxB)=[(vxB)oda= [(KxB)da




Magnetic Force on Currents

* Volume Current Density :

F :jdq(Vx B):j(vx B)pdrzj(JxB)dz'




Biot-Savart Law

The magnetic field of a steady
line current is give by

J-le;

Ve -

dl'

Hy
B(r) =
() 47

dl’

where u, =47 x107" N/A®
1 permeability of free space




Biot-Savart Law

For a line current,
| is along the direction of the wire

sodl = 1dlf
and usually | is constant along the wire,
SO it can also be written as,

luo IX; /
B(r) = dl
(r) 477-[ Ve

Uy cdl'xy




Biot-Savart Law

For a line current |

. dl’
luo IXV /
B(r) = dl
) 47Tj r dl, 5
For a surface current density K(r") | = Kdl,
B(r): Hy IKXZF da’ Idl’ = KdIJ_dI = Kda
Ar? »
dl’
For a volume current density J(r’)
u Ixr —J . da,
_ 70 /
B(r) = 47[] pealll
| =Jda,

1dI’ = Jda, dI’ = Jd ¢’



B-field of a Straight Wire Segment




B-field of a Straight Wire Segment

Consider a wire segment as shown.
We want to calculate the field at P.

By Biot-Savart law,
B(I’)— A |jd| a

the direction of B is L to the page and points outwards.
The magnitude of the B-field is therefore,

dl’sin£ﬂ+9j
2

B(r):iﬁz‘j =




B-field of an Infinite Wire

Change variable from |I' - 6

|'=stané@
dl'=—>_do

cos“ &
I cos?f

22 52

92
g Ml cos’0 s

> ~—C0s0d0
4 S° COs°H

| . .
= Zl—jzs[sm 6, —sin g, |

Iy ~—
!
T

For an infinitely long wire, 6, —>—%, 0, >

B — /uOI
27TS



B-field of a Circular Wire

Consider a circular wire with radius R carrying a current |.
Evaluate the B-field at a point directly above the center at a
distance Z.

By symmetry, the B-field should be

along the axis, i.e. B(z) =B(z)z
ol pdlx s, el pdl” g
o) = [T = [
_ My cosej- " 1| R///27ZR
A r° iy
_ Ml R*

2 (R2 + 22)%




Why 11,is exactly 47 x107" N/A*???

* Its value is so chosen by the definition of current.

* The definition of the unit of current (Sl) — ampere, Is
related to the magnetic force between two infinitely
long straight wires.



Definition of Current

* Experiments show that .

Same direction Opposite direction

Attraction Repulsion

A ¢ A <+— |




Definition of Current

« two wires, carrying the same current, will attract each
other when currents are in the same direction

 force is reversed but with the same magnitude if the
currents are in opposite directions

« 1 ampere is defined as the current carried in each wire
when the wires are separated by 1m and the force per
unit length on each wire has a magnitude of

IE:2><107N/m



Permeabllity and the Definition of Ampere

A segment of wire 2 with length |, experiences a force,

F=IIB | 1 2
:I ILIOI
27d
The force per unit length is
2
f = F — Hol I A Al
| 2
By definition, when ) d -
d=1m
| =1A
f =2x107" N/m

Sy =4 <107 N/A?




Divergence of B Field



Consider a general current density J(r') = J(x',y', Z)
By Biot-Savart law,

B(r) = Z;IJ(Z’/):V

[x,v.Z]=T

dz’

Divergence of B

V.-B =ﬂjvr -[J(r')x 4 jdz"
Ar

7




:u0 / ; '
V. .B=2|V | JIrx— |dr
r Mjr(()rz]

The del operator v, isw.r.t. I
AN ;
Since J(r'") is independent of I
V., xJ=0

Besides, - -
Vr X Lz — Vr X L — O

2
(Coulomb field is curl-free.)

~V-B=0



Integral Form

wV-B=0
* By divergence theorem

:><JSSB-da:O

for arbitrary closed surface S



Curl of B Field

Ampere’s Law



erB—&IerﬁJ(r')x 4 jdr'
4

Ve
N2

:(g.vrjm’)—(J(r')-vr)ﬁua')[vr-%}—L(vr&(w)

The 1st term and the 4t term are zero because J(r’)
IS Independent of I



Hy / r :
V.xB="|V x| J{r')x— |dr
r 472" r (() I/ZJ

x{J(W)x%] _—(J(r’)-Vr);+J(r’j

;g L
4 Ve P

“V xB= “0 jJ(r)4ﬂ53(r rYdz’ —Ej(J(r) v )Fdf'

V .

r

=475° (V) =475°(r—r')

= 1, J(r —Z—;I(J(r')-vr)—dr’

fA'
V:\Z
ro.
_yOJ(r)+4ﬂj(J(r) V., )// dr



N

V.xB= 4 d(r)+£2 [(3(r)-v,) £ dv

A7 Vv
(J(r’)~Vrf),/:2 IS a vector
Consider the X-component
, Vv , X- X
(J(r)'Vr,)I/ZTX(J(r)-Vr,) p
X-xX" ., X—X' ,
:Vr"( Vg 'J(r))_ r3 (Vr"](r))

From the continuity equation, 2—'1) +V-J=0

0
for steady state, Ep =0—>V_.-J(r')=0

N

.-.j{(a(r').vr,) V} df:jvr,-(x'x'J(r')jdf'

7 P




dr'= [V, (

l;
A3V ) —
Use divergence theorem,

j{(\](r) v, )fldf CJSX,/Z(

V S

X

When using the Biot-Savart law to evaluate the field, one
must include the contributions of all current densities.

In other words, )V includes all the currents and no current is
flowing in or out at surface S.

-J(r')-da’'=0



The above argument obviously holds also for the other
components. So

A

I(J(r’)-Vr,)%dr’zo

Vo

H : o
VixB=pd(r)+, 2 [((r)-V,) 5 dr

VxB=pu,J «— Ampere’s Law



Integral Form of Ampere’s Law

Consider a surface S with C as the boundary.

Stokes’ thm:
|.(VxB)-da=¢ B-d
 B-di=p J-da
l,.. = LJ -da is the amount of

current enclosed by C

¢C B le — :uOlenc

Ampere’s law in integral form



Magnetostatics

Application of Ampere’s Law



Application of Ampere’s Law

Like the Gauss’s law, the Ampere’s law can be used to
evaluate the B-field easily when the system exhibits
certain symmetries.

In this case, one will usually find the ampere’s law in
Integral form more useful.

Ampere’s law in integral form:

IBdI :/uolenc



Example:

Use Ampere’s law to find the B-field of
an infinity long wire carrying a current I.

Amperian Loop

/s\/




Solution:

From Biot-Savart law and right-hand rule,
the direction of B-field Is circumferential.
By symmetry, its magnitude is a constant
on the amperian loop. Apply Ampere’s

law. §B-dl =B-275 = 1]

g Mol
271S



Example:

Use Ampere’s law to find the B-field
of an infinitely long solenoid carrying
a current I.

NN




Solution: Use cylindrical coordinate

loop 1

loop 2

L

L

T

[

B

1)

loop 3

By rotational and translational symmetry, the field depends
only on s. Consider the circular amperian loop (loop3).

By ampere’s law: B, - 275 = iyl 4, =0

B, =0



The radial componentB; is also zero.

If you flip the solenoid to the opposite direction,
B, is unchanged.

But flipping the solenoid is equivalent to switching the current
to flow in opposite direction, and hence B, - —-B,

B, =0
(One can also argue by using V-B=0).

In conclusion, B only has Zz component, and its magnitude
depends on s only: B — B(S)2



Consider a rectangular amperian loop (loop 1) outside the
solenoid. Apply Ampere’s law:

Bz(b)l—_ Bz(a)l— :zuolenc =0
B, (b) =B, (a)

This is true for all a, b > radius of the solenoid
.. B is constant outside the solenoid

But B—>0as S—> 0
B = 0 outside the solenoid.



ooooo

TR

To find the field inside, consider the amperian loop 2.
From Ampere’s law,
BL = 1,1

enc

where B is the magnitude of the field at the bottom edge
of the loop. If the number of the turns of wire per unit
length is n, then BL = u,nlL

S B =yl
which is a constant.

. B = p,ynl Z is a constant inside the solenoid, pointing
to the direction determined by right hand rule.



Magnetostatics

Magnetic Vector Potential



Magnetic Vector Potential
Since V-B =0, we can define a vector potential of B

B=VxA

A is called the vector potential because the divergence of a
curl is always zero, hence

V-B =0 is satisfied automatically.



Magnetic Vector Potential

The one left is then the Ampere’s law:
= VxB = p,J
Vx(VxA)= 1,
V(V-A)-V?A = 1]

A is not uniquely defined by its definition. You can add the
gradient of a scalar to the vector potential without changing

its curl: A= A+VI
VXA’:VXA+V><(V/1)
=VxA



Magnetic Vector Potential

Suppose we have found a particular vector potential AO,
we want to find A so that:

A=A,+VA isdivergence-free

.e., V-A=V-A,;+V-(V1)=0
= V’A=-V-A,

This Is just the mathematical expression of the Poisson
equation with V-A, replacing p as the source.

The Poisson equation provides always a solution for A!

For example:
If V-A, —> 0 atinfinity, we know that the solution is

P 1 J‘V-AO 4z
A 7




Magnetic Vector Potential

Now, since A is divergence free, the Ampere’s law implies

5 .

V2A = _,Uo\] A set pf 3 Poisson
equations, one for each
vector component!

Assuming that in a particular system:
J — 0 atinfinity,

then the solution becomes

A(r)—f—;j‘](rr)dr



Magnetostatics

Magnetostatic Boundary
Conditions



Magnetostatic Boundary Conditions

The magnetic field is discontinuous across a surface current.
The relation between the fields on both sides can derived
by using

(§B-da:0




Magnetostatic Boundary Conditions

For the perpendicular component, consider the small pill-box
and use §B da = 0
S

The pill-box is so thin that the flux on
the side-edges can be neglected.

Let the area of the top and bottom
faces of the pill-box be A.

Then B:...A-B; ,A=0
1 il
— Babove — Bbelow

.".The perpendicular component of the B-field is continuous.



Magnetostatic Boundary Conditions

For the parallel component, consider a very “thin” rectangular
amperian loop across the surface.




Magnetostatic Boundary Conditions

Let the unit vector along the direction of the current be K
and Kxn

Consider the amperian loop 1, 1L>K

of which the sides are along the
K direction. This loop does not
enclose any current.

So, by Ampere’s law
(_B/gbove ' )I +(B/éelow ' K)I =0
EBM

above



Magnetostatic Boundary Conditions

Now, consider the Amperian loop 2, with sides perpendicular
to the current. By Ampere’s law ﬁ

(Rx)1 =B, (R <A)LL gl

loop 1

E;ﬁ

i
above Bahove

By the definition of surface curre tﬂensitﬁ?pz :

.. =KI
-(Kxﬁ)—B// (Kxﬁ):,uoK

below

. B,

above



Magnetostatic Boundary Conditions

Since Babove ' ﬁ — Bbelow ) ﬁ
Babove ) K = Bbelow ) K
Babove ) (I‘A< X ﬁ) = Bbelow ) (I‘A< X ﬁ) T IUOK
Babove - Bbelow = Hy KKxn= /uOK XN



Magnetostatics

Multipole Expansion of the
Vector Potential



Similar to the multipole expansion of the scalar potential
V in electrostatics, we make use of the
relation

Consider a localized current distribution
as shown.

A(r) = Z‘; [ J(rr') dz’

iri [y B, (cos 0)d

47[ n=0




* To avoid tedious mathematics, we shall
consider, instead of a general volume
current density J, a linear current flowing
In a localized wire with uniform current I:

A(r) = Z‘; [ Jg') dr’

ﬂo

47Z-n 0 n+1

jJ(r)(r) P, (cos¢')dz’

A(r)—f—;j—dr




Ny L T
0= g o= o

Monopole: n =0 ARSI N1
P 4ﬂ§r”+lj(r) P, (cos@)dl

For a closed loop
oA (r)=0

There is no magnetic monopole!!



A(r)_“0 j—dl “0 j—dl

Dipole:n=1 _ AT
_Eémf(r) P.(cos#")dl

Agip(r) = ——@r cos@ dl’

_ Aol f(or) ar

Ay

It can be shown that (recall assignment 1)
G(P-r)dl' =—Px [ da’

E Adip(r): 472_

“Orz(ljda')xf




G(P-r)dl' =—px [ da’

g Ad,p(r)— ﬂo (jda)xr

Define a = jda’ as the vector area of the loop and

= |la as the magnetic dipole moment.




G(P-r)dl' =—px [ da’

- A= “0 (jda) % f

= la is the magnetic dipole moment.

o MxT

Arr r?

L AGp(r) =

The dipole field can be evaluated by

Bdip =V X Adip



Hy Mxr

Adip(r): 472_ r.2

In spherical coordinate with Mat the origin pointing along Z

we have
Z A

H, MsSInG »

Adip (r) — 472_ r2 ¢




H, MSING ;

Adlp(r)_ 2 (I) Z 1
A I
Bdip:VXAdip
- a(sin9A¢)—% Pl aA—a(rA¢)6
rsin@| oo 0P ry|sin@ ogp or
1| 0 OA |1 m
+—| —(rA, ) —
r[@r(Aa) ae}l’
P a(smé’A) 6= (ra,)
rsiné o6 r or
. 1 0 U, msin@) ~10 ¢ Mo msin &
=T — no — |—0-— >
rsind 00 A 1 ror 47z r

_yom_? 1 0 (sin®6 _élg(smHJ
47 | rsing o0 I ror r

_yom_? 1 2sin@cos@ Al( sm@ﬂ

_ -0
4z | rsin@ re ri r?

_ MM
B, () = yp— (Zcoer+sm6’ O)



MM
B, () = yp— (Zcoser+sm6? 9)

B, () = (3cosé?r cos@r+sm6?9) m

47zr

7 =C0S@r—-siné@ 0

B, (1) = 45(;3 (3mcosf f—m2)

In coordinate-free form: By, () =-— [3(m F)F —m]



