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Vector Analysis



What Is a vector?

A vector in n dimension Is any set
of n-components that transforms in
the same manner as a displacement
when you change coordinates




Displacement is the model for the
behavior of all vectors

e.g.In2D, vy

AP = OX

O " X

vector : direction + magnitude



What Is scalar?

A scalar has no direction and
remains unchanged when one
changes the coordinates.

Example:
Scalars: mass, charge, density, temperature
Vectors: velocity, acceleration, force, momentum



Notation:

vector — Bold face A, in handwriting A
scalar — ordinary character A

The magnitude of the vector Is
denoted by:

A=|A|=|A



Vector Algebra

Vector Operations



(a) Addition of two vectors

Parallelogram law:

To find A+B, place the tail of B at the head of A and draw
the vector from the tail of A to the head of B

B

A+B



From the definition, the addition of
vectors Is

(HCommutative
A+B=B+A

(l)Associative
(A+B)+C=A+(B+C)



(b) Negative of a vector

The negative of a vector is defined as the vector with
the same magnitude but opposite direction:



(c) Multiplication by a scalar

Multiplication by a positive real number a multiplies
the magnitude by a times while leaving the direction
unchanged.

aA

%‘ aA



(c) Multiplication by a scalar

Multiplication by a negative real number a is defined by

aA=|a|(-A)

aA

% la] A



(c) Multiplication by a scalar

Multiplication by 0 gives the null vector O which satisfies

A+0=A

Multiplication is distributive, i.e.,

a(A+B)=aA+aB



(d) Subtraction of two vectors

A-B is defined by A+(-B)
B

A-B



(e) Dot product of two vectors

-_ —

A-B= ABcosd@

A
v B

Dot product is also called scalar product or inner
product



(e) Dot product of two vectors

Dot product is commutative:

A-B=B-A

Dot product is distributive:

A-B+C)=A-B+A-C

(can u proof it?)



(e) Dot product of two vectors

If A, B perpendicular,

O=rxl2—> A-B=0

If A, B point to the same direction,

0=0—>A-B=AB
In particular, A-A = AZ



(f) Cross product of two vectors

AxB = ABsIn &n

B

—»

0 A

N is a unit vector ( magnitude =1) perpendicular to the
plane spanned by A and B, with direction ( up or down )
determined by the right-hand rule




(f) Cross product of two vectors

Cross product is distributive:
AXx(B+C)=AxB+AxC

(can u proof it?)
Cross product is NOT commutative:

AXxB=-BxA

In particular, AXA=0



Vector Algebra

Component Form



Using Cartesian coordinate, with unit
vectors X, Y, Z parallel to the x, v,
and z axes, respectively.

Z

:(AX’Ay’Az)
A=Ax+Ay+Az

Z




(a) To add vectors, add like components
A+B=(AX+Ay+A2)+(B&+ByY+B,2)

A+B=(A+B,)X+(A +B,)y+(A +B,)2

(b) To multiply by a scalar, multiply
each component

aA=(aA)x+(aA )y +(aA,)2




|

-

A-B=(AB,+AB, +AB,




(d) XxX=yxy=2x2=0
XXY =—YxX=12
Yx2=—-72xy =X
IXX==-Xx2=Y >
AxB=(AX+AY+A2)x(BX+By+B,2)
:(Asz _'A‘ZBy))A(_I_('A‘sz_AABZ)gl_l_('a\xl?’y_AVBX)2

Xy 2
AxB=|A A A
B, B, B,

y




Triple Product

(a)A-(Bxc) =(AX+AF+ Azi)-[(ByCz -B,C,)%+(BC,-BC,)y+(BC, - ByCX)i)
=A(BC,-BC,]+A (BC,-BC,)+A(BC,-BC,)

A A A

A+(BxC)=

B, B, B,
c, C, C,

P i

b

(signed) volume of the
parallelepiped defined by the three

vectors

(b) |Ax(BxC)=B(A-C)-C(AB)




Vector Analysis

Position, Displacement,
Separation Vectors



(a) Position vector pointing from
origin to (x,y,2):

«(X.Y.2)

r=XX+Vyy+ 122




(b) Infinitesimal displacement vector
pointing from (x,y,z)to
(x+dx,y+dy,z+dz):

dl = dxX + dyy + dz2

\‘
N

/»(x+dx,y+dy,z+dz)




(c) Separation vector from r’tor :

7 4

r=r—r'=(x-x)X+(y-y)y+(z-7)2

(x,y’,z)
Magnitude:

"y r:\r—r'\:\/(x—x’)z+(y—y’)2+(z—z')2

corresponding unit vector:
r r-r
f:—: p
I |r-r|




Vector Analysis

Vector Transformation



How vectors transform?

Let R be the rotation matrix:

( Rxx ny sz |
R=IR, R, R,
R R R

\_ ZX zy 2z )

A=(A&, A, AZ) is a vector If, under the rotation, its components

transform like —
A:;&A
J:

where A are the components of the vector in the rotated frame,
and 1o X260 Y,3617



In matrix notation, the transformation
reads

A ( h
( 'ﬁ& | :axx :axy ?xz ( A< )
éy = R Ry Ry I A
\Az) \sz sz ?zz/\Az/

Note:

Rotation matrices have the special property that R =R’
(they are orthogonal).



Tensors

e Scalar = Oth rank tensor
e VVector = 1st rank tensor

e 2nd rank tensor = In the form of a
matrix

* In general, tensor can be of any rank



A (second rank) tensor

(T, T, T,)

XX Xy XZ

T=|T T T

yXx Yy yZz

T T T

zZX zy zz )

has nine components, which transform under rotation like

- 3 3
Tij — ZZ Rik RjITkI

k=1 I=1



Vector Calculus

Line, Surface, and
Volume Integrals



(a) Line Integrals

b
v - dl
aP




For closed path, a=b, we use the notation

$v-di

* In general, the line integral depends on a,
0, and the path P.

* In particular, If it depends only on a, b, and
IS Independent of P, we say that the field Is
a conservative field.




(b) Surface Integral

Lv - da 3 14

da: Area of the infinitesimal area
Direction of da: Normal to the area
(two directions, choose either one)

For closed surface, we use the notation
§ V -da

For closed surface, usually we take outward as the direction of da.




(c) Volume Integral

(1) Volume integral of scalar field
LTd T dz = dxdydz

(11) Volume integral of vector field v

Lvdr

_fv vdr =IV (V,X+Vv, y+v,2)dr = vaxdr+ y_fvydr+2jvzdr



Vector Calculus

The "Del” Operator



What is the “Del” Operator?

Definition of the “del” operator:

.0 .0 L0
V=X—+Y—+7
oX ~ oy 0z




What is the “Del” Operator?

* |t is an operator, without specific meaning until a
function is provided for it to act on

* |tis a vector operator. Though not being a vector in the
usual sense, it mimics the behavior of an ordinary

vector in virtually every way

1. Acting on a scalar field T: the gradient
2. Acting on a vector field v, via the dot product:

the divergence
3. Acting on a vector field v, via the cross product:

the curl




Vector Calculus

Gradient, Divergence,
and Curl



Consider a scalar field T(x,y,z)

dT = (8T jdx + (8T jdy + (8T jdz
OX oy oz

It can be written as

dT = (g—)l; +gy+?z-2j-(dxk+dy§/+d22)
Recall that
dl = dxX + dyy + dzz
Then

dT =(VT)-(dl)




Geometrical meaning:
dT =|VT||dl|cos®

where @ is the angle between VT

and dl, the direction along which
you move



When dl points to the same direction as VT ,
@=0 and dT =|VT|/dl| attains its maximum value.

—> VT

0dl,

® The gradient VT points in the direction of
maximum increase of T

® The magnitude |VT|gives the slope (rate of increase)
along this maximal direction



Example:

T(X,V,2)=X+y* +2°=r° :

L

VT =2xi +2V] + 2zk
= 2(xf+ E zIZ)
=2r

VT|=2r

Consider point A(1,-1,2),
Max. rate of increase of T

=|VT(1,-1,2)|=2/6



In particular, when
d L VT

dT=0 - moving along the contour line

How Topographic Maps Work

Contour Lines

Contour
Interval



The fundamental theorem of Calculus




The fundamental theorem of gradient:

[(vT)-di=[ dT =T(b)-T(a)




Divergence

« To measure the flux (“source/sink™) density

NS NS
NI/ N\

/1N 1N
7\ /1 N\

SOURCE SINK

How much does a vector spreads out (diverges) from a
certain point



Divergence for a flat plane: 2D

A vector field v in the xy plane. Evaluate the flux
through a closed curve enclosing a point (x,y)

as v The integral is

cf; V-ds

C

C: The closed curve

A: The area enclosed by the loop




This integral measures the flux and hence the
source enclosed by the loop.
Therefore,

Is the flux density at that point.

In 2D, the divergence of a vector field v is defined by

V-v:lim1 V- ds
A—>0 A c



Divergence for a closed surface in 3D:

V. v_Ilm1 v da

V-0\/

S: The closed surface
V: The volume enclosed by the surface




The Divergence Theorem
(Gauss’ or Green's Theorem)

Consider the integral:

{Ev-da

over a closed surface S enclosing a volume V
The fundamental theorem for divergences states that:

| (V-v)dr=¢ v-da

Integral of a divergence over avolume is equal to the
value of the function at the boundary!




Curl

The curl of a vector field v measures how
much the vector v “curls around” the point
In question.

You can depict it as placing atiny paddle wheel
probe in a flowing fluid to determine whether it will
turn and how fast the angular velocity is

v
v

—

v

_/

curl v#0 curlv=0 curl v#0



This depends on the orientation (the plane) of the
paddle wheel.

Consider a plane with normal vector n.
Draw a small closed loop C on the plane around
the point in question, enclosing an area A.

Evaluate 1
IIm—@ v-dl
A—0 A '

The direction of the line integral is determined by
right-hand rule



Curl v is a vector defined by:

(ov, oV, ) (8vx asz [ OV, OV,
VXV =X — +Yy — +2Z —
oy 0z 0z OX oX oy

Xy 2
o o o
“lox oy oz

v, Vv, V,




In general, for a plane with unit normal vector n

Iimi v-dl=(Vxv)-n
A—0 A Je

Physical meaning: curl v is a vector pointing
along a direction in which a paddle wheel will

have the greatest tendency to turn

For a small loop C with area da and unit normal
vector n,

$ v-dl ~(Vxv)-nda=(Vxv)-da



Stokes’ theorem

Consider the line integral along a closed loop C

. (Vxv)da=¢ v-dl

Integral of a curl over a surface is equal to the value of
the function at the boundary




Vector Calculus

Product Rules Involving the
Del Operator



Product Rules Involving the Del Operator
V(fg)=fvg+gVf
V(A-B)=Ax(VxB)+Bx(VxA)+(A-V)B+(B-V)A

(A-V)B:[A&E+AYQ+A22](BX§<+ B,y +B,2)

Note: _x( B, aBX)
OX ay
o 0B, - 0B,
V| AZEHA ay Az

0B, 682
+7
( OX 8y 82 )



Product Rules Involving the Del Operator
- V-(fA) =1 (V-A)+A-(Vf)
. V-(AxB)=B-(VxA)-A-(VxB)
- Vx(TA)=f (VxA)-Ax(Vf)

. Vx(AxB)

(B-V)A-(A-V)B+A(V-B)-B(V-A)



Vector Calculus

Second Derivatives



Second Derivatives

* Laplacian — Divergence of gradient

VT =V-(VT)
.0 .0 .0 oT or ,oT
=|X—+y—+Z2— || X—+Yy—+Z—
ox "oy oz OX oy 0z
O o 82T
_|_
'S 6y2 oz°

The Laplacian of a scalar T is a scalar.
The Laplacian of a vector v is similarly defined by:

2 , _ OV72 A7 2 572
VIV =XV, +YVV +2ZV7y,



Second Derivatives

* Curl of gradient
The curl of a gradient is always zero

VX(VT) =0
. Gradient of divergence
V(V-v)

(Seldom occurs in physics)



Second Derivatives

* Divergence of curl
The divergence of a curl is always zero

V-(Vxv)=0

* Curl of Curl
Vx(VxVv)=V(V-v)-V?V



Curvilinear Coordinates

Spherical Polar Coordinates



Spherical Polar Coordinates (r,6,¢)

r

Z 1 (r.0.0) / b

X L7

K

r. Distance from the origin
0. Polar angle — angle down from the z axis

¢. Azimuthal angle — angle around from the x axis
(right-hand rule)



Relation between Cartesian and
Spherical Polar Coordinates:

2 2 2
- . = X+ + Z
X = I Sin @ cos ¢ Xy

y =rsinésing < {0 =cos™ —
Z=1rcosd \/X R A

¢:tan‘1l
X

V4

N.




Basis vectors
' =81 & cos ¢X + 81 & 81n ¢V + cos Gz

40 = cos 6 cos dx + cos & 81 PV — 811 17

P = — 81N OX + COs OV

=

X = 8111 & oS @ + cos 6 cos 90— sin @
<> <V = 81 & 810 @r + cos & 1 g8 + cos P -

Z = COsEr —s1n 66




Basis vectors

» The direction of the basis vectors is along the
direction of increase of the corresponding
coordinates, keeping others fixed.

* They constitute an orthogonal basis set

F-r=0-0=¢-¢=1
Fr-0=7F-=0-¢p=0
O<Pp=1r
P<F =0
F=<0=¢




Basis vectors
» A vector A can be expressed in component form as
A=Ar+A0+ A0

» The same basis vector associated with different points
are along different directions

oar 0 odp O¢ 00
n = = = =) n _’1 =-—r

or odr dr 086 olv,

= ':jé

cr C .
= —=6 s —=cosfp

ale) 1)

o

0 ol - -

" ﬂ = 3in O¢ . X s1n 8r — cos 40

, =g
¢ 0¢



Infinitesimal displacement
dl =drf + rd 90 + r sin 8d 4

Infinitesimal volume element
dzr =r°sin@drdéd¢

Infinitesimal area element on a
spherical surface with radius r

da=r’sin@dadgr



The gradient, divergence, curl, Laplacian etc. in
spherical polar coordinate can be derived by the
relations between the coordinates and the basis

vectors.

For example:

VT = ot §<+8T §/+g2
OX oy oz

(o7 8r+6T 8«9+8T 0P
or ox 06 ox O0¢ oOX

j(sin Hcos¢f+cos¢9cos¢6—sin ¢(i))+---



The expressions are:

» Gradient
VT = 6T 18T6+ 1 g(i)
ar rofd rsin@ og¢

» Divergence

ov
V.v= 16( r2v, )+ — (sinov, )+ 1 N
r<or rsin@ 06 rsin@ o¢
= Curl
O (sinov ) [ A L v 2 e 1[0 o],
va_rsine{%(sm%)_a_qﬁ}r r|sind o4 ar( "’)}Hr (o) ae}"




Hence,
 Laplacian
VT =V-(VT)

10 1 0, 1 o(VT)
VT O(VT ?
o r? 6r( ( )r) rsineae(sm ( )‘9)+rsin9 o¢

16(28T) 1 a(. 18Tj 1 0 1 oT
=——|Tr + — siné : _
reor or ) rsiné o6 rod) rsing og\rsing og¢

2
VT = L a(rza—Tj+ 21_ g (sm@mj .12 @TZ
r’or or ) resinf o6 00 ) r?sin®6 o¢




Curvilinear Coordinates

Cylindrical Coordinates




Cylindrical Coordinates (s,¢,z)

ﬂ(sw)k\§
|

¢

=

s: Distance from the z axis
¢. Angle around from the x axis (right-hand rule)

z: Distance from the x-y plane



Relation between Cartesian and
Cylindrical Coordinates:

/\o

(X =SCOS ¢

.

Yy =SSIN¢@ < «
Z1=1

rs=\/x2+y2

=
X

L=17

¢ =tan



Basis vectors

[ § = cog OX +8in BV

4 = —SILOX + COs OV

1=1

X = COS (S — S111 P

1§ = s 68 +cos o

-

5 =

[



Basis vectors

» The direction of the basis vectors is along the
direction of increase of the corresponding
coordinates, keeping others fixed.

* They constitute an orthogonal basis set

S-S=@p-@p=2-2=1
S-p=S-Z2=¢-2=0
Sx<p =2
Pp><2 =S
2><S =«




Basis vectors

» A vector A can be expressed in component form as
A=AS+A0+AZ
» The same basis vector associated with different points
are along different directions
. 82282 :62:6¢:8¢:6§:8_§:O
oS Op o0 0O 07 0SS Oz




Infinitesimal displacement
dl = dsS+ sd g + dzz

Infinitesimal volume element
dz = sdsd¢dz

Infinitesimal area element on a
spherical surface with radius r

da = sd¢dzS



The gradient, divergence, curl, Laplacian etc. in
spherical polar coordinate can be derived by the
relations between the coordinates and the basis
vectors.

For example:

VT_a—Tx+a—Ty+§—T2
OX oy 0z

oT 0s aT 8¢ OT 0z
0S 8x ol 8x O0Z OX

j(cos¢§—sin o)+



The expressions are:

« Gradient

vi=Zs1%
0S sa¢

oT .

+—2

0z

» Divergence




Hence,

 Laplacian
VT =V-(VT)
s as s 0P 0z

—lﬁ(smj 1ofler) 00T
SOos\  OS sa¢ S 0¢ 82 oz
10 aTj 10T o7

VZT:——( + S+
SOS\ 0s) S°0¢° oz




Dirac Delta Function



Consider the vector field

1

V=—TI
r2

Using divergence in spherical polar coordinate

V-v—lg(rzij:O for r=0

r’ or r?



Forr =0, consider the flux through a spherical
surface S with radius R centered at the origin

(1 . : .
CJ.;vda:. (?rj-(stm ododgr)

— ["sinodo[ " de =4
=), 3N Io ¢ =4n

Therefore, V-v=|iml V-da
V>0\/ Jg

. 47 .3
= |lim — = Iim—
rR->047R%/3 R-0OR3

= o0




In addition,
j V-vdr=0
V
If V does not include the origin.
If Vincludes the origin, consider the spherical

surface S with radius R centered at the origin.
From divergence theorem

jVV-vdrz iv-da:47z



What i1s a delta function?

The delta function Is a generalized function,
or distribution, that can be thought of as the
limit of a class of delta sequences.

The delta function Is sometimes called
"Dirac delta function" or the "Impulse
symbol"



a=1/1

5, (X )_Ilm—e /el ol

a—0" a\F




Dirac Delta Function

One-Dimensional



A one-dimensional delta function o(X)
satisfies

LZ&(x)dx:O if 0¢(a,b)
L S(X)dx=1 .if 0e(a,b)

5ix)
g 3
2.5
2.
: . C

eg. O(X) =

mlxd +e)




Other examples:

Li(=)

-E_R:[é]

We get o(X) when & — 0 in the above examples.



For “well-behaved” functions f(x):

L: f(X)5(X)dx=0 .if Oe(a,b)
j f (x)5(x)dx = f (0) ,if 0e(a,b)

a



The definition can be generalized
to 5(x=%,):

J: O(X—X,)dx
j§5(x—x0)cx

0 ,if x,¢(a,Db)
1 if x, e(a,b)
For “well-behaved” functions f(x):
[Jf008(x=x)dx =0 if X, ¢ (a,b)
[ (08(x=x,)dx = £ (%,).if x, < (a,b)




Dirac Delta Function

Three-Dimensional



The 3D delta function &°(r)satisfies the
basic requirement that

| o°(r)dz=0 if 0 gV
| o°(r)dr=1 if0eV

and, jvf(r)53(r)dr=0 f0gV
| f(r)s°(r)dz=1(0) if 0eV



The definition can be generalized
toS(r—r,):

'\/5(r—ro)dr:0 jif r, gV
| 5(r-r)dr=1 if r,eV

JV

For “well-behaved” functions f(x):

JV

JV

| f(r)é(r-r)dc=0  if r,gV
| f(r)é(r-r)dc=1(r,) if r,eV



We have shown that

/\

V-(sz:47z53(r)

r

Or more generally,

r
V{F] =475°(I')| where =r-r

Note: »’ Is kept constant during differentiation



It can be shown that

o)L
I I
Therefore,

\V& % = 4753 (')






