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 Example: Free space –superposition principle

11.1 Introduction: Why Fourier Optics

f 𝑥, 𝑦, 𝑧 =  𝐹(𝑘𝑥, 𝑘𝑦)𝑒
𝑖[𝑘𝑥𝑥+𝑘𝑦𝑦+ 𝑘2−𝑘𝑥

2−𝑘𝑦
2𝑧]
𝑑𝑘𝑥𝑑𝑘𝑦

𝐸 𝑥, 𝑦, 𝑧, 𝑡 =𝑓 𝑥, 𝑦, 𝑧 𝑒−𝑖𝜔𝑡

𝑘 =
𝜔

𝑐
= 𝑘𝑥

2 + 𝑘𝑦
2 + 𝑘𝑧

2

𝑘𝑧 = 𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2

= 𝐹(𝑘𝑥, 𝑘𝑦) 𝑒
𝑖 𝑘2−𝑘𝑥

2−𝑘𝑦
2𝑧
𝑒𝑖[𝑘𝑥𝑥+𝑘𝑦𝑦]𝑑𝑘𝑥𝑑𝑘𝑦

= 𝐹(𝑘𝑥, 𝑘𝑦) 𝐻(𝑘𝑥, 𝑘𝑦, 𝑧)𝑒
𝑖[𝑘𝑥𝑥+𝑘𝑦𝑦]𝑑𝑘𝑥𝑑𝑘𝑦





11.2.1 1D Fourier Transform

𝑓 𝑥 =
1

2𝜋
 
−∞

+∞

𝐹 𝑘 𝑒𝑖𝑘𝑥𝑑𝑘 = ℱ−1{𝐹(𝑘)}

𝐹 𝑘 =  
−∞

+∞

𝑓 𝑥 𝑒−𝑖𝑘𝑥𝑑𝑥 = ℱ{𝑓(𝑥)}

𝛿 𝑥 =
1

2𝜋
 
−∞

+∞

𝑒𝑖𝑘𝑥𝑑𝑘 =
1

2𝜋
 
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑘

= ℱ−1{ℱ{𝑓(𝑥)}}

ℱ 𝛿 𝑥 = 1

𝑓 𝑥 = 1

ℱ 1 =  
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑥 = 2𝜋𝛿(𝑘)





FT of a rectangular function

𝑓 𝑥 =  
1

𝑎

2
< 𝑥 <

𝑎

2
0 𝑜𝑡ℎ𝑒𝑟𝑠

𝐹 𝑘 =  
−
𝑎
2

𝑎
2
𝑒−𝑖𝑘𝑥𝑑𝑥 =

𝑒−𝑖𝑘𝑥

−𝑖𝑘
−
𝑎
2

𝑎
2

=
𝑒−𝑖𝑘𝑎/2 − 𝑒𝑖𝑘𝑎/2

−𝑖𝑘

=
−2𝑖 sin

𝑘𝑎

2

−𝑖𝑘
=𝑎

sin
𝑘𝑎

2
𝑘𝑎

2

= 𝑎 sinc
𝑘𝑎

2





FT of a Triangle Function









FT of the Gaussian Function

𝑓 𝑥 = 𝐶𝑒−𝑎𝑥
2

𝐹 𝑘 =  
−∞

+∞

𝐶𝑒−𝑎𝑥
2
𝑒−𝑖𝑘𝑥𝑑𝑥 =  

−∞

+∞

𝐶𝑒−𝑎(𝑥
2+𝑖

𝑘
𝑎𝑥)𝑑𝑥

= 𝐶𝑒−
𝑘2

4𝑎 
−∞

+∞

𝑒
−𝑎(𝑥2+𝑖

𝑘
𝑎𝑥−

𝑘2

4𝑎2
)
𝑑𝑥 = 𝐶𝑒−

𝑘2

4𝑎 
−∞

+∞

𝑒−𝑎(𝑥+𝑖
𝑘
2𝑎)

2

𝑑𝑥

 
−∞

+∞

𝑒−𝑎𝑥
2
𝑑𝑥 =

𝜋

𝑎

= 𝐶
𝜋

𝑎
𝑒−

𝑘2

4𝑎





Displacements
& Phase Shifts

𝐹 𝑘 =  
−∞

+∞

𝑓 𝑥 𝑒−𝑖𝑘𝑥𝑑𝑥 = ℱ{𝑓(𝑥)}

ℱ 𝑓 𝑥 + 𝑥0 =  
−∞

+∞

𝑓 𝑥 + 𝑥0 𝑒−𝑖𝑘𝑥𝑑𝑥

= −∞
+∞

𝑓 𝑢 𝑒−𝑖𝑘(𝑢−𝑥0)𝑑𝑢 = 𝑒𝑖𝑘𝑥0  −∞
+∞

𝑓 𝑢 𝑒−𝑖𝑘𝑢𝑑𝑢=𝑒𝑖𝑘𝑥0ℱ 𝑓 𝑥

𝑥 + 𝑥0=u

ℱ 𝑓 𝑥 + 𝑥0 = 𝑒𝑖𝑘𝑥0ℱ 𝑓 𝑥

𝑓 𝑥 =
1

2𝜋
 
−∞

+∞

𝐹 𝑘 𝑒𝑖𝑘𝑥𝑑𝑘 = ℱ−1{𝐹(𝑘)}

ℱ 𝛿 𝑥 + 𝑥0 = 𝑒𝑖𝑘𝑥0ℱ 𝛿 𝑥 =𝑒𝑖𝑘𝑥0

x

f(x)
f(x+x0)





Phase Shift &
Displacements

𝐹 𝑘 =  
−∞

+∞

𝑓 𝑥 𝑒−𝑖𝑘𝑥𝑑𝑥 = ℱ{𝑓(𝑥)}

ℱ 𝑓 𝑥 𝑒𝑖𝑘0𝑥 =  
−∞

+∞

𝑓 𝑥 𝑒𝑖𝑘0𝑥𝑒−𝑖𝑘𝑥𝑑𝑥 =  
−∞

+∞

𝑓 𝑥 𝑒−𝑖(𝑘−𝑘0)𝑥𝑑𝑥

ℱ 𝑓 𝑥 𝑒𝑖𝑘0𝑥 = 𝐹(𝑘 − 𝑘0)

𝑓 𝑥 =
1

2𝜋
 
−∞

+∞

𝐹 𝑘 𝑒𝑖𝑘𝑥𝑑𝑘 = ℱ−1{𝐹(𝑘)}

x

f(x)
f(x+x0)

= 𝐹(𝑘 − 𝑘0)

ℱ 1 =  
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑥 = 2𝜋𝛿(𝑘)

ℱ 𝑒𝑖𝑘0𝑥 = 2𝜋𝛿(𝑘 − 𝑘0)





Sines and 
Cosines

𝛿 𝑥 =
1

2𝜋
 
−∞

+∞

𝑒𝑖𝑘𝑥𝑑𝑘 =
1

2𝜋
 
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑘

ℱ 𝛿 𝑥 = 1

sin 𝑘0𝑥 =
1

2𝑖
(𝑒𝑖𝑘0𝑥 − 𝑒−𝑖𝑘0𝑥)

ℱ 1 =  
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑥 = 2𝜋𝛿(𝑘) ℱ 𝑒𝑖𝑘0𝑥 = 2𝜋𝛿(𝑘 − 𝑘0)

ℱ{sin 𝑘0𝑥} = −𝑖𝜋𝛿 𝑘 − 𝑘0 + 𝑖𝜋𝛿(𝑘 + 𝑘0)

cos 𝑘0𝑥 =
1

2
(𝑒𝑖𝑘0𝑥 + 𝑒−𝑖𝑘0𝑥) ℱ{cos 𝑘0𝑥} = 𝜋𝛿 𝑘 − 𝑘0 + 𝜋𝛿(𝑘 + 𝑘0)

𝑖𝜋𝐴





Sines and 
Cosines

𝛿 𝑥 =
1

2𝜋
 
−∞

+∞

𝑒𝑖𝑘𝑥𝑑𝑘 =
1

2𝜋
 
−∞

+∞

𝑒−𝑖𝑘𝑥𝑑𝑘

ℱ 𝛿 𝑥 = 1

ℱ 𝛿 𝑥 + 𝑥0 + 𝛿 𝑥 − 𝑥0 = 𝑒𝑖𝑘𝑥0 + 𝑒−𝑖𝑘𝑥0 = 2cos(𝑘𝑥0)

ℱ 𝛿 𝑥 + 𝑥0 = 𝑒𝑖𝑘𝑥0ℱ 𝛿 𝑥 =𝑒𝑖𝑘𝑥0

ℱ 𝛿 𝑥 + 𝑥0 − 𝛿 𝑥 − 𝑥0 = 𝑒𝑖𝑘𝑥0 − 𝑒−𝑖𝑘𝑥0 = 2𝑖sin(𝑘𝑥0)





11.2.2 2D Fourier Transform

𝑓 𝑥, 𝑦 =
1

2𝜋

2

 

−∞

+∞

𝐹(𝑘𝑥 , 𝑘𝑦)𝑒
𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑘𝑥 𝑑𝑘𝑦

𝐹(𝑘𝑥 , 𝑘𝑦) =  

−∞

+∞

𝑓(𝑥, 𝑦)𝑒−𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑥 𝑑𝑦

= ℱ{𝑓(𝑥, 𝑦)}

= ℱ−1 {𝐹(𝑘𝑥 , 𝑘𝑦)}





FT of the Cylinder Function





The Lens as a FT





Optical Applications of FT
 Example: Free space –superposition principle

𝐸 𝑥, 𝑦, 𝑧, 𝑡 =𝑓 𝑥, 𝑦, 𝑧 𝑒−𝑖𝜔𝑡 𝑘 =
𝜔

𝑐
= 𝑘𝑥

2 + 𝑘𝑦
2 + 𝑘𝑧

2 𝑘𝑧 = 𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2

𝑓0 𝑥, 𝑦 = f 𝑥, 𝑦, 𝑧 = 0 =  𝐹(𝑘𝑥, 𝑘𝑦) 𝑒
𝑖[𝑘𝑥𝑥+𝑘𝑦𝑦]𝑑𝑘𝑥𝑑𝑘𝑦

f 𝑥, 𝑦, 𝑧 =  𝐹(𝑘𝑥, 𝑘𝑦) 𝐻(𝑘𝑥, 𝑘𝑦 , 𝑧)𝑒
𝑖[𝑘𝑥𝑥+𝑘𝑦𝑦]𝑑𝑘𝑥𝑑𝑘𝑦

𝐻 𝑘𝑥, 𝑘𝑦, 𝑧 = 𝑒𝑖𝑘𝑧𝑧 = 𝑒
𝑖 𝑘2−𝑘𝑥

2−𝑘𝑦
2𝑧

𝐹 𝑘𝑥, 𝑘𝑦 = ℱ{𝑓0 𝑥, 𝑦 }

𝐹 𝑘𝑥, 𝑘𝑦 𝐻 𝑘𝑥, 𝑘𝑦 , 𝑧 = ℱ{𝑓 𝑥, 𝑦, 𝑧 }

𝑓0 𝑥, 𝑦 𝑓 𝑥, 𝑦, 𝑧

𝐻(𝑘𝑥, 𝑘𝑦 , 𝑧)

ℱ−1{ℱ{𝑓0 𝑥, 𝑦 }𝐻(𝑘𝑥, 𝑘𝑦, 𝑧)}




 Transform Function

General Linear Systems

𝐻 𝑘𝑥 , 𝑘𝑦

𝑓 𝑥, 𝑦 𝑔 𝑥, 𝑦

𝐻(𝑘𝑥, 𝑘𝑦)

𝑔 𝑥, 𝑦 = ℱ−1{ℱ{𝑓 𝑥, 𝑦 }𝐻(𝑘𝑥, 𝑘𝑦)}





A Lens Imaging System

𝑓 𝑥, 𝑦
𝑔 𝑥, 𝑦

𝐻(𝑘𝑥, 𝑘𝑦)

𝑔 𝑥, 𝑦 = ℱ−1{ℱ{𝑓 𝑥, 𝑦 }𝐻(𝑘𝑥, 𝑘𝑦)}





Point Spread Function

𝑃𝑆𝐹 𝑥, 𝑦 = ℱ−1{ℱ{𝛿 𝑥, 𝑦 }𝐻(𝑘𝑥, 𝑘𝑦)}

= ℱ−1{𝐻(𝑘𝑥, 𝑘𝑦)}

𝑃𝑆𝐹 𝑥, 𝑦 = ℱ−1{𝐻(𝑘𝑥 , 𝑘𝑦)}

 Resolution


