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Convention of the xyz coordinator system: Look toward the light source

 𝑖𝐸0𝑥𝑒𝑖(𝜑𝑥−𝜔𝑡)=  𝑖𝐸0𝑥𝑒𝑖𝜑𝑥𝑒−𝑖𝜔𝑡

𝐸𝑥 =  𝑖𝐸0𝑥 cos −𝜔𝑡 + 𝜑𝑥 =  𝑖𝐸0𝑥 cos 𝜑𝑥 − 𝜔𝑡 =  𝑖𝐸0𝑥𝑅𝑒{𝑒𝑖 𝜑𝑥−𝜔𝑡 }

𝐸𝑦 =  𝑖𝐸0𝑦 cos −𝜔𝑡 + 𝜑𝑦 =  𝑖𝐸0𝑥 cos 𝜑𝑦 − 𝜔𝑡 =  𝑖𝐸0𝑦𝑅𝑒{𝑒𝑖 𝜑𝑦−𝜔𝑡 }

 𝑗𝐸0𝑦𝑒𝑖(𝜑𝑦−𝜔𝑡)=  𝑗𝐸0𝑦𝑒𝑖𝜑𝑦𝑒−𝑖𝜔𝑡

For a giving a fixed z:

cos 𝑘𝑧 − 𝜔𝑡 + 𝜀Plane wave:





Jones Vectors

𝐸 =
𝐸0𝑥𝑒𝑖𝜑𝑥𝑒−𝑖𝜔𝑡

𝐸0𝑦𝑒𝑖𝜑𝑦𝑒−𝑖𝜔𝑡 =
𝐸0𝑥𝑒𝑖𝜑𝑥

𝐸0𝑦𝑒𝑖𝜑𝑦
𝑒−𝑖𝜔𝑡=

𝐸0𝑥

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖𝜑𝑥

𝐸0𝑦

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖𝜑𝑦

𝐸0𝑥
2 + 𝐸0𝑦

2 𝑒−𝑖𝜔𝑡

𝐸0𝑥𝑒𝑖𝜑𝑥

𝐸0𝑦𝑒𝑖𝜑𝑦
Jones vector

Normalized Jones vector
(Polarization unit vector)

𝐸0𝑥

𝐸0𝑥
2 + 𝐸0𝑦

2

𝑒𝑖𝜑𝑥

𝐸0𝑦

𝐸0𝑥
2 + 𝐸0𝑦

2

𝑒𝑖𝜑𝑦
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Operations of (complex) Jones Vectors

𝐸 =
𝐸𝑥

𝐸𝑦

Both 𝐸𝑥 and 𝐸𝑦 can be compex numbers

𝐸+ = 𝐸𝑥
∗ 𝐸𝑦

∗

Conjugation:

𝐸
2

= 𝐸+ ∙ 𝐸= 𝐸𝑥
∗ 𝐸𝑦

∗ 𝐸𝑥

𝐸𝑦
=𝐸𝑥

∗𝐸𝑥+𝐸𝑦
∗𝐸𝑦

𝐸𝑥

𝐸𝑦
𝐴

𝐸𝑥

𝐸𝑦

The same polarization

Normalized Jones vector
(Polarization unit vector)

𝐸𝑃 =

𝐸0𝑥

𝐸0𝑥
2 + 𝐸0𝑦

2

𝑒𝑖𝜑𝑥

𝐸0𝑦

𝐸0𝑥
2 + 𝐸0𝑦

2

𝑒𝑖𝜑𝑦

𝐸𝑃

2
= 𝐸𝑃

+
∙ 𝐸𝑃=1
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Polarization Unit Vector 

𝐸𝑃 =

𝐸0𝑥

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖𝜑𝑥

𝐸0𝑦

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖𝜑𝑦

=𝑒𝑖𝜑𝑥

𝐸0𝑥

𝐸0𝑥
2 +𝐸0𝑦

2

𝐸0𝑦

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖(𝜑𝑦−𝜑𝑥)

𝐸𝑃 =

𝐸0𝑥

𝐸0𝑥
2 +𝐸0𝑦

2

𝐸0𝑦

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖(𝜑𝑦−𝜑𝑥)

=

𝐸0𝑥

𝐸0𝑥
2 +𝐸0𝑦

2

𝐸0𝑦

𝐸0𝑥
2 +𝐸0𝑦

2
𝑒𝑖∆𝜑

The same polarization

𝐸𝑃 =
cos 𝜃

sin 𝜃 𝑒𝑖∆𝜑
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Linear Polarization ∆𝜑 = 0

x

y

𝐸𝑥 =  𝑖𝐸0𝑥𝑒𝑖 𝑘𝑧−𝜔𝑡

𝐸𝑦 =  𝐽𝐸0𝑦𝑒𝑖 𝑘𝑧−𝜔𝑡

𝐸0𝑥=𝐸0 cos 𝜃

𝐸0𝑦=𝐸0 sin 𝜃

𝜃

𝐸𝑙𝜃 =
cos 𝜃
sin 𝜃
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Linear Polarization∆𝜑 = 0





Right Circular Polarization

𝐸0𝑥=𝐸0𝑦=𝐸0,∆𝜑 = −
𝜋

2

x

y

𝐸ℛ =

1

2

1

2
𝑒−𝑖

𝜋

2

=
1

2

1

𝑒−𝑖
𝜋

2
=

1

2

1
−𝑖
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Left Circular Polarization

𝐸0𝑥=𝐸0𝑦=𝐸0,∆𝜑 =
𝜋

2

x

y

𝐸ℒ =

1

2

1

2
𝑒𝑖

𝜋

2

=
1

2

1

𝑒𝑖
𝜋

2
=

1

2

1
𝑖
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Elliptical Polarization
𝐸0𝑥 ≠ 𝐸0𝑦 ∆𝜑 ≠0

𝐸𝑃 =
cos 𝜃

sin 𝜃 𝑒𝑖∆𝜑

tan 2𝛼 = tan 2𝜃 cos ∆𝜑





Polarizations

∆𝜑

−∆𝜑

𝐸𝑃 =
cos 𝜃

sin 𝜃 𝑒𝑖∆𝜑




 Linear polarizer

Circular polarizer

 Elliptical polarizer

Polarizers





Linear Polarizer





Linear Polarizer

x

y

Polarizer

𝜃

input What is the output?𝐸𝑖𝑛 =
𝐸𝑥𝑖𝑛

𝐸𝑦𝑖𝑛

𝐸𝑜𝑢𝑡 = 𝐸𝑥𝑖𝑛 cos 𝜃 + 𝐸𝑦𝑖𝑛 sin 𝜃Output (complex) amplitude

x'
y'

x‘-y‘ coordinators: 𝐸𝑜𝑢𝑡 = 𝐸𝑜𝑢𝑡
1
0

= (𝐸𝑥𝑖𝑛 cos 𝜃 + 𝐸𝑦𝑖𝑛 sin 𝜃)
1
0

x-y coordinators: 𝐸𝑜𝑢𝑡 = 𝐸𝑜𝑢𝑡
cos 𝜃
sin 𝜃

= (𝐸𝑥𝑖𝑛 cos 𝜃 + 𝐸𝑦𝑖𝑛 sin 𝜃)
cos 𝜃
sin 𝜃

ℒ(𝜃) = 𝑐𝑜𝑠2𝜃 sin 𝜃 cos 𝜃
sin 𝜃 cos 𝜃 𝑠𝑖𝑛2𝜃





Retarders (Wave Plates)

Fast axis (x)

slow axis (y)

𝑛𝑠 > 𝑛𝑓

𝑘𝑠 = 𝑛𝑠𝑘0 > 𝑘𝑓 = 𝑛𝑓𝑘0

𝑘0 =
𝜔

𝑐
=

2𝜋

𝜆0

∆𝜑𝑓𝑠= (𝑘𝑠−𝑘𝑓)𝑑 =
2𝜋

𝜆0
d(𝑛𝑠 − 𝑛𝑓)

∆𝜑𝑓𝑠=
1

#
× 2𝜋 1/# Wave plate

𝐸𝑖𝑛 =
𝐸𝑥𝑖𝑛

𝐸𝑦𝑖𝑛
𝐸𝑜𝑢𝑡 =

𝐸𝑥𝑖𝑛

𝐸𝑦𝑖𝑛𝑒𝑖∆𝜑𝑓𝑠

𝑊1/# =
1 0
0 𝑒𝑖∆𝜑𝑓𝑠

=𝑒𝑖
∆𝜑𝑓𝑠

2
𝑒−𝑖

∆𝜑𝑓𝑠

2 0

0 𝑒𝑖
∆𝜑𝑓𝑠

2

𝑊1/# ≜ 𝑒−𝑖
∆𝜑𝑓𝑠

2 0

0 𝑒𝑖
∆𝜑𝑓𝑠

2





Half-Wave Plate
∆𝜑𝑓𝑠=

1

2
× 2𝜋+2m 𝜋 = 𝜋 + 2m 𝜋

X, fast axis

Y, slow axis

𝜃

Input (linear)

Output

−𝜃

“Reflection” according to the fast axis 

𝑊1/2 =
−𝑖 0
0 𝑖

𝐸𝑖𝑛 =
𝐸𝑥𝑖𝑛

𝐸𝑦𝑖𝑛
= 𝐸0

cos 𝜃
sin 𝜃

𝐸𝑜𝑢𝑡 = 𝑊1/2𝐸𝑖𝑛 = 𝐸0
−𝑖 0
0 𝑖

cos 𝜃
sin 𝜃

= −𝑖𝐸0
cos 𝜃

− sin 𝜃

= −𝑖𝐸0
cos(−𝜃)
sin(−𝜃)





Half-Wave Plate





Quarter-Wave Plate
∆𝜑𝑓𝑠=

1

4
× 2𝜋+ 2m 𝜋 =

𝜋

2
+ 2m 𝜋

X, fast axis

Y, slow axis

45𝑜

Input

Output

Linear polarization  Circular polarization

Linearly polarized

Left circularly polarized

m-order 

𝑊1/4 = 𝑒−𝑖𝜋/4 0
0 𝑒𝑖𝜋/4

=𝑒−𝑖𝜋/4 1 0
0 𝑖

𝐸𝑖𝑛 =
𝐸0

2

1
1

𝐸𝑜𝑢𝑡 = 𝑊1/4𝐸𝑖𝑛 =
𝐸0

2
𝑒−𝑖𝜋/4 1 0

0 𝑖
1
1

=
𝐸0

2
𝑒−𝑖𝜋/4 1

𝑖

𝐸𝑜𝑢𝑡 = 𝐸𝑜𝑢𝑡

+
∙ 𝐸𝑜𝑢𝑡 = 𝐸0





Quarter-Wave Plate





Rotation Operator

X

Y

𝛽

𝑅 𝛽 =
cos 𝛽 −sin 𝛽
sin 𝛽 cos 𝛽

𝑅−1 𝛽 = 𝑅 −𝛽 =
cos 𝛽 sin 𝛽

−sin 𝛽 cos 𝛽





Linear Polarizer

x

y

Polarizer

𝜃

ℒ(𝜃) = 𝑐𝑜𝑠2𝜃 sin 𝜃 cos 𝜃
sin 𝜃 cos 𝜃 𝑠𝑖𝑛2𝜃

ℒ(0) =
1 0
0 0

ℒ(𝜃) = 𝑅 𝜃 ℒ(0)𝑅 −𝜃

=
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

1 0
0 0

cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

=
cos 𝜃 0
sin 𝜃 0

cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

=
cos 𝜃 cos 𝜃 cos 𝜃 sin 𝜃
cos 𝜃 sin 𝜃 sin 𝜃 sin 𝜃





Quarter-Wave Plate
∆𝜑𝑓𝑠=

1

2
× 2𝜋+2m 𝜋 = 𝜋 + 2m 𝜋

X

Y

𝛽

𝑊1/2 =
−𝑖 0
0 𝑖

fast axis

slow axis

𝑊1
2
(𝛽) = 𝑅(𝛽)

−𝑖 0
0 𝑖

R(−𝛽)

Example: 𝛽=𝜋/2

𝑅 𝜋/2 =
0 −1
1 0

𝑊1
2
(𝜋/2) =

0 −1
1 0

−𝑖 0
0 𝑖

0 1
−1 0

=
𝑖 0
0 −𝑖





Combining a half-wave plate and 
quarter-wave plate, one can change a 
polarization to an arbitrary 
polarization.

Combining a half-wave plate, quarter-
wave plate, and a linear polarizer, one 
can construct an arbitrary polarizer.

Manipulating Polarization





Retarders : Spin ½ Rotation
(not required)

Fast axis (x)

slow axis (y)

𝑊1/# ≜ 𝑒−𝑖
∆𝜑𝑓𝑠

2 0

0 𝑒𝑖
∆𝜑𝑓𝑠

2

Quantum mechanics: Spin ½ system

𝑅𝑥 ∆𝜑𝑓𝑠 = 𝑒−𝑖𝑆𝑥∆𝜑𝑓𝑠/ℏ

Spin 1/2 Polarization

½ spin two-component 
internal space

2D polarization space
(Jones vector)

3D real spatial space 3D Stokes vector space

3D rotation operator Matrix Mueller Matrix





3D Stokes Vector and Poncare Sphere
(not required)

𝓛

ℛ

𝐸𝑃 =
cos 𝜃

sin 𝜃 𝑒𝑖∆𝜑

𝑆1 = cos 2𝜃

𝑆2 = sin 2𝜃 cos ∆𝜑

𝑆2 = sin 2𝜃 sin ∆𝜑𝑆1

𝑆2

𝑆3

The fast axis of a wave plates:

2D Jones Space: with an angle 𝛼 to the x axis

3D Stokes Space: with an angle 2𝛼 to the S1 axis 
and always on the S1-S2 plane

Operation of a wave plates: a right-hand rotation of ∆𝜑𝑓𝑠 along its fast axis 

¼ WP½ WP


