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Convention of the xyz coordinator system: Look toward the light source

=  𝑖𝐸0𝑥 cos(𝜔𝑡 − 𝑘𝑧)

=  𝐽𝐸0𝑦 cos(𝜔𝑡 − 𝑘𝑧 − 𝜀)





Linear Polarization 𝜀 = 0
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𝐸𝑥 =  𝑖𝐸0𝑥 cos(𝜔𝑡 − 𝑘𝑧)

𝐸𝑦 =  𝐽𝐸0𝑦 cos(𝜔𝑡 − 𝑘𝑧)

𝐸0𝑥=𝐸0 cos 𝜃

𝐸0𝑦=𝐸0 sin 𝜃

𝜃

𝐸 = 𝐸𝑥 + 𝐸𝑦 =  (𝑖𝐸0𝑥 +  𝐽𝐸0𝑦) cos(𝜔𝑡 − 𝑘𝑧) = 𝐸0
 (𝑖 cos 𝜃 +  𝐽 sin 𝜃)cos(𝜔𝑡 − 𝑘𝑧)





Linear Polarization 𝜀 = 0





Right Circular Polarization

𝐸0𝑥=𝐸0𝑦=𝐸0, 𝜀 = −
𝜋

2

𝐸𝑥 =  𝑖𝐸0 cos(𝜔𝑡 − 𝑘𝑧)
𝑧=0

 𝑖𝐸0 cos 𝜔𝑡

𝐸𝑦 =  𝐽𝐸0 cos(𝜔𝑡 − 𝑘𝑧 +
𝜋

2
)

𝑧=0
 𝐽𝐸0 cos 𝜔𝑡 +

𝜋

2
= − 𝐽𝐸0 sin 𝜔𝑡

x

y

𝐸𝑥 ∙ 𝐸𝑥+𝐸𝑦 ∙ 𝐸𝑦=𝐸0
2





Left Circular Polarization

𝐸0𝑥=𝐸0𝑦=𝐸0, 𝜀 =
𝜋

2

𝐸𝑥 =  𝑖𝐸0 cos(𝜔𝑡 − 𝑘𝑧)
𝑧=0

 𝑖𝐸0 cos 𝜔𝑡

𝐸𝑦 =  𝐽𝐸0 cos(𝜔𝑡 − 𝑘𝑧 −
𝜋

2
)

𝑧=0
 𝐽𝐸0 cos 𝜔𝑡 −

𝜋

2
=  𝐽𝐸0 sin 𝜔𝑡

x

y

𝐸𝑥 ∙ 𝐸𝑥+𝐸𝑦 ∙ 𝐸𝑦=𝐸0
2





Elliptical Polarization
𝐸0𝑥 ≠ 𝐸0𝑦 𝜀 ≠0





𝜀

−𝜀




Unpolarized light: Randomly polarized light

Natural Light





Spin (Angular Momentum) 
VS Polarization

𝑆 = 1, 𝑚𝑠 = −1, 0, 1

𝐽𝑧 = −ℏ, 0, ℏ

Question: Where is 𝐽𝑧 = 0?




 Linear polarizer

Circular polarizer

 Elliptical polarizer

Polarizers





Linear Polarizer





Question

x

y Polarizer

𝜃

input

What is the output?





Retarders (Wave Plates)

=  𝑖𝐸0𝑥 cos 𝜔𝑡 − 𝑘𝑧 ⇒  𝑖𝐸0𝑥 cos 𝜔𝑡

=  𝐽𝐸0𝑦 cos(𝜔𝑡 − 𝑘𝑧 − 𝜀) ⇒  𝑖𝐸0𝑦 cos 𝜔𝑡 − 𝜀

𝐸𝑥 =  𝑖𝐸0𝑥 cos(𝜔𝑡 − 𝑘𝑥𝑧) ⇒  𝑖𝐸0𝑥 cos(𝜔𝑡)

𝐸𝑦 =  𝐽𝐸0𝑦 cos(𝜔𝑡 − 𝑘𝑦𝑧 − 𝜀) ⇒  𝐽𝐸0𝑦 cos[𝜔𝑡 − (𝑘𝑦−𝑘𝑥)𝑧 − 𝜀]

∆𝜑 = (𝑘𝑦−𝑘𝑥)𝑧 + 𝜀





Retarders (Wave Plates)

Fast axis

slow axis

𝑛𝑠 > 𝑛𝑓

𝑘𝑠 = 𝑛𝑠𝑘0 > 𝑘𝑓 = 𝑛𝑓𝑘0

𝑘0 =
𝜔

𝑐
=

2𝜋

𝜆0

∆𝜑𝑓𝑠= (𝑘𝑠−𝑘𝑓)𝑑 =
2𝜋

𝜆0
d(𝑛𝑠 − 𝑛𝑓)

∆𝜑𝑓𝑠=
1

#
× 2𝜋 1/# Wave plate





Half-Wave Plate
∆𝜑𝑓𝑠=

1

2
× 2𝜋+2m 𝜋 = 𝜋 + 2m 𝜋

X, fast axis

Y, slow axis

𝐸𝑥 =  𝑖𝐸0 cos 𝜃 cos(𝜔𝑡)

𝐸𝑦 =  𝐽𝐸0 sin 𝜃 cos(𝜔𝑡)

𝜃

Input

Output

𝐸𝑥 =  𝑖𝐸0 cos 𝜃 cos(𝜔𝑡)
=  𝑖𝐸0 cos(−𝜃) cos(𝜔𝑡)
𝐸𝑦 =  𝐽𝐸0 sin 𝜃 cos(𝜔𝑡 − 𝜋 )

=-  𝐽𝐸0 sin 𝜃 cos 𝜔𝑡
=  𝐽𝐸0 sin(−𝜃) cos 𝜔𝑡

−𝜃

“Reflection” according to the fast axis 

m=0, zero-order
m≠0, multiple-order 





Half-Wave Plate





Quarter-Wave Plate
∆𝜑𝑓𝑠=

1

4
× 2𝜋+ 2m 𝜋 =

𝜋

2
+ 2m 𝜋

X, fast axis

Y, slow axis

𝐸𝑥 =  𝑖
1

2
𝐸0cos(𝜔𝑡)

𝐸𝑦 =  𝐽
1

2
𝐸0 sin 𝜃 cos(𝜔𝑡)

45𝑜

Input

Output

𝐸𝑥 =  𝑖
1

2
𝐸0 cos(𝜔𝑡)

𝐸𝑦 =  𝐽
1

2
𝐸0 cos(𝜔𝑡 − 𝜋/2 )

=  𝐽
1

2
𝐸0 sin 𝜔𝑡

Linear polarization  Circular polarization

Linearly polarized

Left circularly polarized

m-order 

m=0, zero-order
m≠0, multiple-order 





Quarter-Wave Plate





Quarter-Wave Plate

∆𝜑𝑓𝑠=
1

4
× 2𝜋=

𝜋

2

X, slow axis

Y, fast axis

𝐸𝑥 =  𝑖
1

2
𝐸0cos(𝜔𝑡)

𝐸𝑦 =  𝐽
1

2
𝐸0 sin 𝜃 cos(𝜔𝑡)

45𝑜

Input

Output

𝐸𝑥 =  𝑗
1

2
𝐸0 cos(𝜔𝑡)

𝐸𝑥 =  𝑖
1

2
𝐸0 cos(𝜔𝑡 − 𝜋/2 )

=  𝑖
1

2
𝐸0 sin 𝜔𝑡

Linear polarization  Circular polarization

Linearly polarized

Right circularly polarized





Combining a half-wave plate and 
quarter-wave plate, one can change a 
polarization to an arbitrary 
polarization.

Combining a half-wave plate, quarter-
wave plate, and a linear polarizer, one 
can construct an arbitrary polarizer.

Manipulating Polarization


