VECTOR CALCULUS




Differentiation of vectors

Consider a vector a(u) that is a function of a scalar
variable .

The derivative of a(u) with respect to w is defined as

da  lim a(u+ Au) —a(u)

Note that 2—3 Is also a vector, which is not, In

general, parallel to a(u).




Example

The position vector of a particle at time ¢ in
Cartesian coordinates is given by

r(t) = 2t*i+ (3t — 2)j + (3t — 1)k. Find the speed
of the particle at ¢t = 1, and the component of its
acceleration in the direction s =i+ 2j + k.

Answer

The velocity and acceleration of the particle are
given by

d
v(t) = d—; 4t + 3 + 6tk

v

t = 4i+6k

aft) = — i+

The speed of the particle at t =1 is
v(1)| = V42 + 32 + 62 = V61

The acceleration of the particle is constant

(independent of t), and its component in the
direction s is

(4i+6k)-(i+2j+k) 56
V12 +22 412 3

a-S=




Example

The position vector of a particle in plane polar
coordinates is r(t) = p(t)é,. Find expressions for
the velocity and acceleration of the particle in these
coordinates.

Answer

The velocity is given by

r(t) = pe, + pe, = P&, + pdey

d,  _ do, dp. .
el smgbdtl—l—cosgbdtj—(be¢




The acceleration is given by

d, .. .
alt) = (98, + pdes)
Pep + P&y + pPey + P&y + péy

pe, + p(Pey) + pd(—pe,) + pdey + poéy

(5 — pd?)&, + (pod + 2p¢)éy

since

& d d
del = —COS¢—¢i—Sin(b ¢

dt dt ad T 0%




Differentiation of composite vector

expressions

Assuming a and b are differentiable vector functions
of a scalar u, and ¢ is a differentiable scalar function

If a vector a(s) is a function of the scalar variable s,
which is itself a function of u such that s = s(u),
then we have

da(s) _ dsda




Integration of vectors

Example

A small particle of mass m orbits a much larger
mass M centered at the origin O. According to
Newton's law of gravitation, the position vector r of
the small mass obeys the differential equation

d?r GMm
m— —_
dt?

A

r

2
Show that the vector r x dr/dt is a constant of

motion.

Answer

Forming the vector product of the differential
equation with r, we obtain
d?r GM X

r X — = — r xr=20
dt? r2




- - — _ _ __O
oy rxdt r -+ X

d dr y d*r dr dr
dt2  dt = dt

Integrating,

dr
I'X%—C (5)

where ¢ is a constant vector.

In an infinitesimal time dt the change in position
vector of the small mass is dr and the element of
area swept out by the position vector of the particle
is dA = L|r x dr|. Dividing by dt, we obtain

dA 1| dr| e
dt 2 dt| 2

Therefore, the physical interpretation of Eq. 5 is
that the position vector r of the small mass sweeps

out equal areas in equal times.




Space curves

A curve C can be described by the vector r(u)
joining the origin O of a coordinate system to a

point on the curve.

FIG. 1: The unit tangent t, normal fi and binormal b to

the space curve C' at a particular point P.

As the parameter u varies, the end-point of the
vector moves along the curve. In Cartesian
coordinates,

r(u) = z(w)i+y(u)j + z(u)k

where x = z(u), y = y(u), z = xz(u) are the
parametric equations of the curve,




A curve may be described in parametric form by the
vector r(s), where the parameter s is the arc length
along the curve measured from a fixed point. For
the curve described by r(u), consider the
infinitesimal vector displacement

dr = dxi + dyj + dzk

along the curve. The square of this distance moved
IS

(ds)? = dr - dr = (dx)* + (dy)? + (dz)?

so that
ds\" _dr dr
du  du du

Therefore, the arc length between two points on the
curve r(u), given by u = uy and u = uo, is
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If a curve C is described by r(u), then dr/ds is a
unit tangent vector to C and its denoted by f.

The rate at which £ changed with respect to s is
given by dt/ds, and its magnitude is defined as the
curvature k of the curve C' at a given point,

dt| |d*f
ds| |ds?

KR =

We can also define the quantity p = 1/k, which is
called the radius of curvature. Note that dt/ds is
perpendicular to €, and its unit vector direction is
denoted by i (principal normal). We therefore have
dt
— = kN 7
p (7)
The unit vector b =t x @1, which is perpendicular
to the plane containing t and A, is called the
binormal to C. The rate at which b changes with
respect to s is given by df)/ds. In particular,

5
ds

—T71h. (8)
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Vector functions of several arguments

If a =a(uy,us,...,uy,) and each of the u; is also a
function w;(vy,ve,...,v,) of the variables v;, then

Oa @8u1+ﬁ8u2+“ +8a8un
ov; 0u1 ov;  Ous 0v; ou,, 0v;

Oa Ou;
Z < du;j O (9)

A special case of this rule arises when a is an
explicit function of some variable v, as well as of
scalars w1, us, ..., u, that are themselves functions
of v. Then we have

da da (‘9uj
dv Z (‘9u‘7 ov (10)
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Surfaces

A surface S can be described by the vector r(u,v)
joining the origin O of a coordinate system to a

point on the curve.

FIG. 2: The tangent plane T to a surface S at a
particular point P; u = ¢; and v = c2 are the coordinate

curves.

As the parameters u and v vary, the end-point of

the vector moves over the surface.
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In Cartesian coordinates, the surface is given by

r(u,v) =x(u,v)i+y(u,v)j+ z(u,v)k

If the surface is smooth, then at any point P on S
the vectors Or/Ou and Or/0v are linearly
independent, and define the tangent plane T at the
point P. A vector normal to the surface at P is

given by
or Or

n=_—X—_—

ou  Ov

In the neighbourhood of P, an infinitesimal vector

displacement dr is written as

81’ 81“
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If we consider an infinitesimal parallelogram near P,

whose sides are the coordinate curves, then the

element of area at P is

dS = ‘—dux@dv—‘m or

du dv

ov ou  Ov

Therefore, total area of surface is

a- [ / " dudo

where R is the region in the uv-plane corresponding
to the range of parameter values that define the

surface.
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Example

Find the element of area on the surface of a sphere
of radius a, and hence calculate its total surface

area.
Answer

We can represent a point r on the surface of the
sphere in terms of the two parameters 6 and ¢:

r(0, ) = asinf cos @i + asin O sin ¢j + a cos Ok

where 6 and ¢ are the polar and azimuthal angles
respectively. At any point P, vectors tangent to the
coordinate curves # = constant and ¢ = constant

are

or
a0
or
I

a cos B cos pi + a cos @ sin ¢j — a sin Ok

—a sin 0 sin ¢i + a sin 6 cos @]
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A normal n to the surface at this point is then given
by
Oor Or
X
00  0¢
i j k

acosffcosp acosfsing —asinb

—asinfsing asinfcos o 0

a? sin 0(sin 6 cos @i + sin 0 sin ¢j + cos Ok)

which has a magnitude of a?sin . Therefore the
element of area at P is

dS = a*sin 0dfd¢

and the total surface area of the sphere is given by

7 27
A= / d9/ do a® sin @ = 4ra?
0 0
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Vector operators

I

Gradient of a scalar field:

w09 09 09
gradqb—ng_lax +J0y+k6’z
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— +j=— +k—
183: 8y+ 0z

O O
&de + 9y
= do

If r depends on some parameter u such that r(u)

<¢ Op 09

)-(ida:—l—jdy—l—kd

99

—d
y+8z

defines a space curve, the total derivative of ¢ with
respect to u Is

do dr
w -V

In general, the rate of change of ¢ with respect to
the distance s in a particular direction a is

d¢ .
%—nga

(Directional derivative)
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The scalar differential operator a - V gives the rate
of change with distance in the direction a of the
quantity (vector or scalar) on which it acts. In
Cartesian coordinates, it can be written as

ét-V:ax3

ox

Thus, we can write the infinitesimal change in an

electric field in moving from r to r + dr as
dE = (dr - V)E.

Consider a surface defined by ¢(x,y, 2) = ¢, where ¢

is some constant. If t is a unit tangent to this

surface at some point, then d¢/ds = 0 in this
direction, and we have V¢ - t=0.
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Example

Find expressions for the equations of the tangent
plane and line normal to the surface ¢(z,y,2) = c
at the point P with coordinates (g, Yo, 29). Use the
results to find the equations of the tangent plane

and the line normal to the surface of the sphere
¢ = x* +y* + 2° = a? at the point (0,0, a).

Answer

A vector normal to the surface ¢(x,y,z) = c at the
point P is V¢, and denoted by ng. If rg is the
position vector of the point P relative to the origin,
and r is the position vector of any point on the
tangent plane, the vector equation of the tangent

plane is

(r—rg) -ng =0
Similarly, the vector equation of the line is

(r—rg) xng=0
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FIG. 3: The tangent plane and the normal to the surface

of the sphere ¢ = 22 + y* + 2% = a* at the point rg

with coordinates (0,0, a).
If we now consider the surface of the sphere
¢ = x° +y? + 22 = a?, then
Vo 2ri + 2yj + 2zk
2ak at the point (0,0, a)
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Therefore, the equation of the tangent plane to the
sphere at this point is

(r—rg)-2ak =0

This gives 2a(z —a) = 0 or z = a. The equation of
the line normal to the sphere at the point (0,0, a) is

(r—rg) x2ak =0

which gives 2ayi — 2axj = 0 or x = y = 0 (z-axis).
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Divergence of a vector field

The divergence of a vector field a(z,y, z) is defined

N Oa,, N Oa,
oy 0z

Curl of a vector field

The curl of a vector field a(x,y, z) is defined as

curla = V x a

(&LZ Jday \ Oa 8az>j

oy 0z i 0z  Or

Oa,  Oay
— k
i ( dr Oy )
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Vector operators acting on sums and

products

Vo + Vi)
V-a+V-b
Vxa+Vxb
PV + Vo

ax (Vxb)+bx(Vxa)
+(@-V)b+(b-V)a

oV -a+a-Vo
b-(Vxa)—a-(V xDb)

Vo xa+ oV X a
a(V-b)—b(V-a)+(b-V)a
—(a-V)b
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Some useful special cases

o
%r
30(r) + 20

(r) | 2do(r)

dr? r dr

VZo(r)
V x[p(r)r] = 0

where r = |r|.

We also have
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Combinations of grad, div and curl

V x Vo 0
V- (V x a) 0
V-V V3¢
0%a,  0%a,
( Ox? i 0x0y "

V(V -a)

0%a,  0%a,
_|_
oyoxr  0y?
0%a,  0%a,
_|_
0z0x  0z0y
V(V-a)— V?a
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Example

Show that V - (V¢ x V) = 0 where ¢ and 1) are
scalar fields.

Answer

We have
V-(axb)=b-(Vxa)—a-(V xb).

If we let a = V¢ and b = V1, we obtain

V- (Vo x Vi) = Vip-(V x V) — V- (V x V) = 0

since VX Vo =0=V x V.
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Cylindrical polar coordinates

FIG. 4: Cylindrical polar coordinates p, ¢, z

The position of a point P having Cartesian
coordinates x, y, 2 may be expressed in terms of

cylindrical polar coordinates p, ¢, 2z where

r=pcosop, y=psing, z==z2 (11)

and p >0, 0< ¢ <27 and —oc0 < 2z < 0. The
position vector of P may be written as

r = pcosgi+ psin @j + zk
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Taking partial derivatives with respect to p, ¢, 2
respectively, we obtain

e, g—; cos @i + sin @j

e g—(’; —psin @i + p cos @j

e, % =k
These vectors lie in the direction of increasing p, ¢
and z respectively, but are not all of unit length.
The unit vectors are
—e, = Cos¢l+singj
— sin @i + cos @j
k
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The expression for a general infinitesimal vector
displacement dr in the position of P is given by

dr Or dp a;;dqb + a—dz

dpep +doey —I—dzez
dpe, +pdpey +dze,

The magnitude ds of the displacement dr is given in
cylindrical polar coordinates by

(ds)? = dr - dr = (dp)* + p*(d¢)? + (dz)?
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FIG. 5: The element of volume in cylindrical polar

coordinates is given by pdpd¢ dz.

Volume of the infinitesimal parallelepiped defined by
the vectors dpe,, pdpe, and dz e, is given by

dV =|dpe, - (pdpey, x dze,)| = pdpdpdz

since the basis vectors are orthonormal.
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Example

Express the vector field a = yzi — yj + 22k in
cylindrical polar coordinates, and hence calculate its
divergence. Show that the same result is obtained by
evaluating the divergence in Cartesian coordinates.

Answer
From the basis vectors of the cylindrical polar
coordinate, we obtain

i cos g €, — sin ¢ ey

] sin ¢ €, + cos ¢ €

k e,
Substituting these relations and (11) into the
expression for a we find

a zpsinp(cospe, —singpe,)
—psing(singeé, + cospéy) + 2°pcos P e,
(zpsin ¢ cos ¢ — psin® ¢)é,

—(zpsin® ¢ + psin ¢ cos p)éy + 2°pcos P e,
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Substituting into the expression for V - a, we have

V-a 2zsin ¢ — 2sin® ¢ — 2z sin ¢ cos ¢
— cos® ¢ 4 sin® ¢ + 2zpcos ¢

2zpcosp — 1.

Calculating the divergence directly in Cartesian
coordinates, we have

da, O da,
- Ay - =2zxr—1=2zpcosp—1

Vo= ox i oy i 0z
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Spherical polar coordinates

FIG. 6: Spherical polar coordinates p, 8, ¢

The position of a point P with Cartesian
coordinates x, y and z may be expressed in terms of
spherical polar coordinates r, 6 and ¢, where

x =rsinfcos¢p, y=rsinfsingy, z =rcosb

and r>0,0<60 <, and 0 < ¢ < 2m. The

position vector P Is

r =rsinfcos¢pi+ rsinfsin¢j+ rcosfk

35



The unit basis vectors are

sin 6 cos @1+ sinfsin ¢ j + cos Ak
cosfcospi+ cosfsingj—sinfk
= —singi+ cosoj

A general infinitesimal vector displacement in
spherical polars is

dr =dre, +rdfeg+rsintdoe,

The magnitude ds of the displacement dr is given by

(ds)? = dr - dr = (dr)? + r*(df)* + r* sin* 0(d¢)*
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|
1 rsinfdg

. rsinfd¢

FIG. 7: The element of volume in spherical polar

coordinates is given by 72 sin 6 dr df d¢.

The volume of the infinitesimal parallelepiped
defined by the vectors dre,, rdf ey, and
rsinf dg ey is given by

dV = |dr é.-(rdf égxrsinfdpeéy)| = r*sin 0 dr df de
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