Series solutions of ordinary

differential equations




Second-order linear ordinary differential
equations

Any homogeneous second-order linear ODE can be
written in the form

y"' +p(x)y +q(x)y =0, (1)

where 3y’ = dy/dx and p(x) and q(x) are given
functions of x. The most general solution to Eq. (1)
IS

y(x) = crya () + coya(w), (2)
where y1 () and ys(x) are linearly independent
solutions of Eq. (1), and ¢; and ¢, are constants.

Their linear independence may be verified by the
evaluation of the Wronskian

Yyr Y2
T

= Y1Y5 — Y21 (3)

If W(x) # 0 in a given interval, then y; and ys are
linearly independent in that interval.




By differentiating Eq. (3) with respect to x, we
obtain

W' = y1yy + yiys — vyt — vyl = y1ys — Y1 ye.

Since both y; and ys satisfy Eq. (1), we may
substitute for 3} and ¥, which yields

W' = —uyi(pys + qy2) + (py1 + qv1)y2
= —p(y1y2 — y1y2) = —pW.

Integrating, we find

W(z) = Cexp {— / () du} W

where C' is a constant. If p(x) = 0, we obtain W =
constant.




Ordinary and singular points of an ODE

Consider the second-order linear homogeneous ODE

y" +p(2)y +q(z) =0, (5)

where the functions are complex functions of a
complex variable z. If at some point z = zy the
functions p(z) and ¢(z) are finite, and can be

expressed as complex power series

p(z) = pulz—20)" a(z) =) qu(z—2)",

then p(z) and ¢(z) are said to be analytic at z = z,
and this point is called an ordinary point of the
ODE. If, however, p(z) or q(z), or both, diverge at
2z = 2o, then it is called a singular point of the ODE.




Even if an ODE is singular at a given point z = z,
it may still possess a non-singular (finite) solution at
that point. The necessary and sufficient condition

for such a solution to exist is that (z — zp)p(z) and

(2 — 20)?q(z) are both analytic at z = z. Singular

points that have this property are regular singular
points, whereas any singular point not satisfying
both these criteria is termed an irregular or essential

singularity.




Example

Legendre’s equation has the form

(1 —2%)y" — 22/ +1(1+ 1)y = 0. (6)

where [ is a constant. Show that z = 0 is an
ordinary point and z = 41 are regular singular
points of this equation.

Answer

We first divide through by 1 — z? to put the
equation into our standard form, Eq. (5):

2z (14 1)
/! /
- + = 0.
J 1—22y 1—22y

Comparing with Eq. (5), we identify
—2z —2z

1—22 (14 2)(1—2)
(1+1)  1(i+1)

1—22  (14+2)(1—2)




By inspection, p(z) and ¢(z) are analytic at z = 0,
which is therefore an ordinary point, but both
diverge for z = 41, which are thus singular points.

However, at z = 1, we see that both (z — 1)p(2)
and (z — 1)%q(2) are analytic, and hence z =1 is a

regular singular point. Similarly, z = —1 is a regular

singular point.




Example

Show that the Legendre’s equation has a regular
singularity at |z| — o0.

Answer

Letting w = 1/z, the derivatives with respect to z

dyd_w_ 1 dy

dw dz ~ 22dw

dw d (dy
dz dw \ dz

If we substitute these derivatives into Legendre's

)

equation Eq. (6) we obtain

1 d
—|—2—w2—y +
w  dw




which simplifies to give

d¥ dy
2(w? — 1)~ 4+ 203 2Y 1)y = 0.
w* (w )dw2+ w dw+l(l+ )y =0

Dividing through by w?(w? — 1), and comparing
with Eq. (5), we identify

w?(w? — 1)

At w = 0, p(w) is analytic but g(w) diverges, and
so the point |z| — oo is a singular point of
Legendre's equation. However, since wp and w?q
are both analytic at w = 0, |z| — oo is a regular

singular point.




Equation Regular

singularities

Essential

singularities

Legendre

(122"

—2zy' +1(l+1)y=0
Chebyshev
(122"

—zy +ny =0

Bessel

Z2y”—|—2y/
+(22 -2y =0

Laguerre

2+ (1= 2)y
+ay =0

Simple harmonic

oscillator

y//_|_w2y:O
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Series solutions about an ordinary point

If 2 = z¢ is an ordinary point of Eq. (5), then every
solution y(z) of the equation is also analytic at

z = zg. We shall take zy as the origin. If this is not
the case, then a substitution Z = z — zp will make it
so. Then y(z) can be written as

y(z) = Z anz". (7)

Such a power series converges for |z| < R, where R
is the radius of convergence.

Since every solution of Eq. (5) is analytic at an
ordinary point, it is always possible to obtain two
independent solutions of the form, Eq. (7).

11



The derivatives of y with respect to z are given by

oo

i na,z" "t = Z(n + Dans12™, (8)
n=0

n=0

Z n(n —1)a,z""?
n=0

o

Z(n +2)(n 4+ 1)ay22". (9)

n=0

By substituting Eqs. (7)—(9) into the ODE, Eq. (5),
and requiring that the coefficients of each power of
z sum to zero, we obtain a recurrence relation

expressing a,, as a function of the previous a,
(0<r<n-1).
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Example

Find the series solutions, about z = 0, of
y// —l_ y — O

Answer

z = is an ordinary point of the equation, and so we
may obtain two independent solutions by making
the substitution y = >, a,z". Using Eq. (7) and
(9), we find

oo

Z(n + 1) (n+1Dap12"™ + Z anz" =0,

which may be written as

oo

Z[(n + 1) (n+ Dapyz + ay|z" = 0.
n=0
For this equation to be satisfied, we require that the
coefficient of each power of z vanishes separately,
and so we obtain the two-term recurrence relation
Qn
n+2)(n+1)

a,nH:—( for n > 0.
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Two independent solutions of the ODE may be
obtained by setting either ag = 0 or a1 = 0. If we
first set a1 = 0 and choose ag = 1, then we obtain
the solution

22 24 o (_1)n
— 1 -4+ ... = 2n.
n(z) IR 7;) 2n)

However, if we set ag = 0 and choose a; = 1, we
obtain a second independent solution

Recognizing these two series as cos z and sin z, we

can write the general solution as

y(z) = c1cos z + co8in 2,

where ¢; and ¢, are arbitrary constants.
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Example

Find the series solutions, about z = 0, of

1 2

- _y=0.

Answer

z = 0 is an ordinary point, and we may therefore
find two independent solutions by substituting
y=>",anz". Using Eq. (8) and (9), and
multiplying through by (1 — 2)?, we find

(1—2z+ 27) Znn—lan —QZan =0,

n=0

which leads to

i nn—1)a,z" 2 -2 i nn —1)a, 2"+
n=0 n=0
+ i n(n — 1)a,z" — 2 i anz" =0
n=0 n=0
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In order to write all these series in terms of the
coefficients of 2™, we must shift the summation
index in the first two sums to obtain

oo

Z(n +2)(n+ 1)any22" — 2 Z(n + D)na,12"

n=0 n=0

+ Z(n2 —n —2)apz" =0,
n=0

which can be written as

o0

D (n+D[(n+2)an+2—2nan41+(n—2)ay)z" = 0.

n=0

By demanding that the coefficients of each power of
z vanish separately, we obtain the recurrence relation

(n 4+ 2)apto — 2nap41 + (0 —2)a, =0 for n > 0,

which determines a,, for n > 2 in terms of ap and

aj.
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One solution has a,, = ag for all n, in which case

(choosing ag = 1), we find

1

n(2)=1+z+22+2° 4+ = :
1 — 2z

The other solution to the recurrence relation is

a1 = —2ag, as = ag and a,, = 0 for n > 2, so that

we obtain a polynomial solution to the ODE:

yo(2) =1 =22+ 2% = (1 — 2)°.

The linear independence of y; and y5 can be
checked:

W Y1Ys — Y12
1 1
21— 2)] — —

The general solution of the ODE is therefore

(1-2)?=-3.

C1

1 — 2)2.
1—z+c2( ?)
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Series solutions about a regular singular

point

If z =0 is a regular singular point of the equation

v +p(2)y" +q(z)y =0,

then p(z) and ¢(z) are not analytic at z = 0. But
there exists at least one solution to the above
equation, of the form

y = 2° Z anz", (10)
n=0

where the exponent o may be real or complex
number, and where ag % 0. Such a series is called a
generalized power series or Frobenius series.
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Since z = 0 is a regular singularity of the ODE,
zp(2) and z%¢(2) are analytic at z = 0, so that we
may write

oo

s(z) = Z Sn2"

n=0
©.@)

t(z) = Z tn2".
n=0

The original ODE therefore becomes

y”+—y’+—2y:0.
Z Z

Let us substitute the Frobenius series Eq. (10) into
this equation. The derivatives of Eq. (10) with
respect to x are given by

o0

Z(n +0)a,z" Tt (11)

n=0
0

Z(n +o)(n+o—1)a,z""77% (12)

n=0
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and we obtain

oo

Z(n +0)(n+o—1a,z"T77?
n=0

oo

—I—S(Z)Z(n—l—a)an nto—2 4 Zan nto—2 _

n=0

Dividing this equation through by 2°~2 we find

oo

Z[(n—l—U)(n-l—O—1)+S(Z)(n—|—a)—|—t(z)]anz” —0.

A (13)

Setting z = 0, all terms in the sum with n > 0
vanish, so that

lo(c — 1)+ s(0)o + t(0)]ag = 0,

which, since we require ag # 0, yields the indicial

equation

o(c—1)+s(0)c +t(0) =0. (14)
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This equation is a quadratic in o and in general has
two roots. The two roots of the indicial equation o4
and o, are called the indices of the regular singular
point. By substituting each of these roots into

Eq. (13) in turn, and requiring that the coefficients
of each power of z vanish separately, we obtain a
recurrence relation (for each root) expressing each

a, as a function of the previous a, (0 <r <n —1).

Depending on the roots of the indicial equation o4
and o9, there are three possible general cases.
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Distinct roots not differing by an integer

If the roots of the indicial equation o1 and o differ
by an amount that is not an integer, then the
recurrence relations corresponding to each root lead
to two linearly independent solutions of the ODE,

o

yl(z) = 27! Z anz", yz(z) = 292 Z b,z".
n=0

n=0

The linear independence of these two solutions
follows from the fact that ys/y; is not a constant
since o1 — 09 is not an integer. Since y; and y, are
linearly independent we may use them to construct
the general solution y = c1y1 + cays.

We also note that this case includes complex
conjugate roots where o2 = 07, since

01 — 09 =01 — 0] = 21Imoy cannot be equal to a
real integer.
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Example

Find the power series solutions about z = 0 of
4zy" +2y" +y = 0.

Answer
Dividing through by 4z, we obtain
1

1
Y+ 2—y + —y =0, (15)

and on comparing with Eq. (5) we identify
p(z) =1/(2z) and ¢(z) = 1/(4z). Clearly z =0 is a
singular point of Eq. (15), but since zp(z) = 1/2

and z%q(z) = z/4 are finite there, it is a regular

singular point. We therefore substitute the
Frobenius series y = 27 Y >~ a, 2™ into Eq. (15).
Using Eq. (11) and (12), we obtain

o

Z(n +0)(n+0o—1)a,z"T77?
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which on dividing through by 2772 gives

oo

Sl +0)nto—1)+ 50+ o)+ ;lanz" =0

n=0

(16)
If we set z = 0 then all terms in the sum with n > 0
vanish, and we obtain the indicial equation

1
0(0—1)—|—§0:O,

which has roots ¢ = 1/2 and ¢ = 0. Since these
roots do not differ by an integer, we expect to find
two independent solutions to Eq. (15), in the form
of Frobenius series.

Demanding that the coefficients of 2™ vanish

separately in Eq. (16), we obtain the recurrence
relation

1 1
(n—l—a)(n—l—a—l)an—l—i(n—l—a)an—l—zan_l =0. (17)
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If we choose the larger root of the indicial equation,
o = 1/2, this becomes

(4n2 +2n)a, + ap—1 =0=a, =

Setting ag = 1 we find a,, = (—1)"/(
so the solution to Eq. (15) is

n

00 1 .
yi(z) = ﬁnz:% (2<'n +)1)!Z
No (vz)? + (Vz)° — ... =sin/z.

3! 5!
To obtain the second solution, we set 0 = 0 In
Eq. (17), which gives

an—1
2n(2n — 1)

(4n? — 2n)a, 4+ ap_1 =0 = a, =

Setting ag = 1 now gives a,, = (—1)"/(2n)!, and so
the second solution to Eq. (15) is

oo

y2(2)

W L W3
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We may check that y;(z) and y2(2) are linearly
independent by computing the Wronskian

W = Yy —y2u)

sin /7 (_ i \/2)

\1F
R (— cos \F)

NE

1
NG (sin? \/z + cos® \/2)
1
——— #0
2z 7
Since W # 0 the solutions y — 1(2) and y2(z) are
linearly independent. Hence the general solution to

Eq. (15) is given by

y(2) = c18inv/z + ¢ cos v/ z.
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Repeated root of the indicial equation

If the indicial equation has a repeated root, so that
o1 = 09 = o, then only one solution in the form of
a Frobenius series Eq. (10) may be found

y1(z) = 2° Z anz".
n=0

27



Distinct roots differing by an integer

If the roots of the indicial equation differ by an
integer, then the recurrence relation corresponding

to the larger of the two roots leads to a solution of

the ODE. For complex roots, the ‘larger’ root is
taken to be the one with the larger real part.
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Example

Find the power series solutions about z = 0 of

2(z—1)y" + 32y +y = 0. (18)

Answer
Dividing through by z(z — 1), we put

3.
G- T2z -1

and on comparing with Eq. (5), we identify

p(z) =3/(z—1) and q(z) = 1/[z(z — 1)]. We see
that z = 0 is a singular point of Eq. (19), but since
zp(2) = 32/(2 — 1) and 2%q(2) = z/(2 — 1) are
finite there, it is a regular singular point. We
substitute y = 27 Y~ a, 2™ into Eq. (19), and
using Eq. (11) and (12), we obtain

Yy + y =0, (19)
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oo

Z(n +o)(n+0o—1a,z"T72

n=0

3 o
T Y (n+0)a,z"T7!

n=0

1 o
n—I—UZO
+Z(Z_1)Zanz :

n=0

which on dividing through by 2772 gives

> 3z

Z_l(n—i—a)

Z [(n—i—a)(n—l—a—l)—l—

n=0

z
nz' = 0.
—|—Z_1]a z

Multiplying through by z — 1, we obtain

o

S [(z=1)(n+0) (n+o—1)+32(n+0)+2lanz" = 0.

(20)

30



If we set 2z = 0, then all terms in the sum with
n > 0 vanish, and we obtain the indicial eqaution

o(c—1) =0,

which has the roots 0 = 1 and ¢ = 0.

Since the roots differ by an integer, it may not be
possible to find two linearly independent solutions of
Eq. (19) in the form of Frobenius series. We are
guaranteed to find one such solution corresponding
to the larger root, 0 = 1.

Demanding that the coefficients of 2™ vanish
separately in Eq. (20), we obtain the recurrence

relation

m—1+0o)n—24+0)ap—1—(n+0o)n+o—1)a,
+3(n—14+0)an_1+ an_1 =0,

which may be simplified to give

n+o0c—1a,=n+0)a,_1. (21)
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Substituting o = 1 into this expression, we obtain

(n + 1)
An = An—1,
n

and setting ag = 1 we find a,, = n + 1, so one
solution to Eq. (19) is

y1(2) ZZ(n+1)zn:z(1+2z+322_|_...)
n=0

- (22)

(1-2)*

If we attempt to find a second solution
(corresponding to the smaller root of the indicial
equation) by setting ¢ = 0 in Eq. (21), we find

n
Ap = Ap—1,
n—1 1

but we require ag # 0, so aq is formally infinite and
the method fails.
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Obtaining a second solution

The Wronskian method

If 41 and y- are linearly independent solutions of the

standard equation

v +p(2)y" +q(z)y =0,

then the Wronskian of these two solutions is given
by W(z) = y1y5 — y2y7. Dividing the Wronskian by
y? we obtain

W:yé_yiy2
y% Y1 y%

/ d (1 d
A )
Y1 dz \ Y1 dz \ y1

which integrates to give

n@) =n) [ o

)

33



Using the alternative expression for W (z) given in
Eq. (4) with C' =1, we find

armen{~ [ pwydoldu
(23)

Hence, given y1, we can calculate 5.
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Example

Find a second solution to Eq. (19) using the
Wronskian method.

Answer

For the ODE Eq. (19) we have p(z) =3/(z — 1),
and from Eq. (22) we see that one solution to

Eq. (19) is y; = z/(1 — 2)?. Substituting for p and
y1 in Eq. (23) we have

y2(2) = a7 [0 exp (— I vfldv) du

= a2 fz (1uu> exp|—3In(u — 1)] du

_(1 z)2f T 1du
= g7 (Inz+ 7).

35



The derivative method

The method begins with the derivation of a
recurrence relation for the coefficients a,, in the
Frobenius series solution. However, rather than
putting o = o7 in this recurrence relation to
evaluate the first series solution, we instead keep o
as a variable parameter. This means that the
computed a,, are functions of o and the computed
solution is now a function of z and &

y(z,0) = 2° Z an(0)z". (24)

R K
dx? dx ’
The series Ly(z, o) will contain only a term in 27,
since the recurrence relation defining the a, (o) is
such that these coefficients vanish for higher powers
of z. But the coefficients of 27 is simply the LHS of

the indicial equation.
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Therefore, if the roots of the indicial equation are
o = o1 and 0 = o9, it follows that

Ly(z,0) =ag(c —o1)(0c —02)2°. (25)

Thus, for y(z,0) to be a solution of the ODE
Ly = 0, o must equal g1 or o5. For simplicity, we
shall set ag = 1 in the following discussion.

Let us first consider the case in which the two roots
of the indicial equation are equal, 01 = 03. From

Eq. (25) we then have

n

Ly(z,0) = (0 —01)%2".

Differentiating this equation with respect to o, we
obtain

0
o-1Ly(2,0)] = (0= 01)"2" In 2 +2(0 — 01)27,

which equal zero if 0 = 1. But since /00 and L
are operators that differentiate with respect to
different variables, we can reverse their order, so that

L [gy(z,a)] =0 ato =o0;.
do
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Hence the function in square brackets, evaluated at
o = 01, and denoted by

ev) R (26)

is also a solution of the original ODE Ly = 0, and is
the second linearly independent solution.

The case by which the roots of the indicial equation
differ by an integer is now treated. In Eq. (25),
since L differentiates with respect to z we may
multiply Eq. (25) by any function of o, say o — o3,
and take this function inside £ on the LHS to obtain

L{(o —02)y(z,0)] = (0 — 1) (0 — 02)°27.  (27)
Therefore the function

(0 —02)y(2,0)|o=0,

is also a solution of the ODE Ly = 0.
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Since this function is not linearly independent with
y(z,01), we must find another solution.
Differentiating Eq. (27) with respect to o, we find

Ll ~ 02)y(,0)]} = (7 - 02)?27
+2(0c —01)(0 — 02)2° + (0 — 01)(0 — 02)*2% In 2,

which is equal to zero if ¢ = g9. Therefore,

0

s {8—0[(0 _ ag)y(z,a)]} —0 ato = oy,

and so the function

{ ol — oz, } 29

O=029

is also a solution of the original ODE Ly = 0, and is
the second linearly independent solution.
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Example

Find a second solution to Eq. (19) using the

derivative method.

Answer

From Eq. (21) the recurrence relation (with o as a

parameter) id given by
m+o—1a,=MN4+0)a,_1.

Setting ag = 1 we find that the coefficients have the
particularly simple form a,(c) = (0 +n)/o. We
therefore consider the function

oo

oo
y(z,0) =z nzz:oan(a)z 2 nzz;) "

The smaller toot of the indicial equation for
Eq. (19) is 02 = 0, and so from Eq. (28) a second
linearly independent solution to the ODE is

{(%[ay(z,ﬂ)]}azo = {380 [za i(a i n)zn] }GO

40




The derivative with respect to o is given by

g [zUZ(J+n)z” = 2%Inz Z(a+n)z”
o

n=0 n=0
00

450 Zzn’

n=0

which on setting 0 = 0 gives the second solution

Y2 (2) 1nz§:nzn + izn
n=0 n=0

z 1

mlﬂZ"’

ﬁ(mg_l).

11—z
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Series form of the second solution

Let us consider the case when the two solutions of
the indicial equation are equal. In this case, a
second solution is given by Eq. (26),

y2(2) [%] o

(In )zt Z an(o1)2"
n=0

o1 = dan(a) n
+z Z[ I ]_ z

n=0

y1(z)Inz 4+ 27 Z b 2",
n=1

where b, = |da,(0)/do|s—y, -
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In the case where the roots of the indicial equation
differ by an integer, then from Eq. (28) a second

solution is given by

@) = {gelo oo

O=029

In 2 [(a — 09)2° Z an(a)z”]

n=0

[%(0 - Jg)an(a)] .

— O0=02

But (0 — 02)y(z,0)] at ¢ = 05 is just a multiple of
the first solution y(z,01). Therefore the second

solution is of the form

y2(2) = cy1(2) Inz + 272 Z bn 2",

n=0

where ¢ I1s a constant.
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Polynomial solutions

Example

Find the power series solutions about z = 0 of
y' — 22y’ + Ay = 0. (29)

For what values of \ does the equation possess a
polynomial solution? Find such a solution for A = 4.

Answer

z = 0 is an ordinary point of Eq. (29) and so we

look for solutions of the form y = >">"  z,2".
Substituting this into the ODE and multiplying
through by 22, we find

Z[n(n —1) = 22%n + Az%a, 2™ = 0.

n=0
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By demanding that the coefficients of each power of
2 vanish separately we derive the recurrence relation

n(n—1)a, —2(n —2)ap_o2 + Aan_o = 0,

which may be rearranged to give

2ln —2) — A

n—o | > 2.
pYp— ap_o formn > (30)

Ayp —

The odd and even coefficients are therefore
independent of one another, and two solutions to
Eq. (29) may be derived. We sither set a; = 0 and
ag = 1 to obtain

2 4

y1(z) = 1- A——>\(4 A)E—A(4 A)(8—

or set ag = 0 and a; = 1 to obtain

pa(z) = 2-(2-Ng -

7

(2= M\)(6 — A)(10 — )\)% ~
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Now from the recurrence relation Eq. (30) we see
that for the ODE to possess a polynomial solution
we require A = 2(n — 2) for n > 2, or more simply
A =2n forn >0, i.e. X must be an even positive

integer. If A =4 then from Eq. (31) the ODE has
the polynomial solution

ALTERNATIVE SOLUTION:

We assume a polynomial solution to Eq. (29) of the

form y = Zf,:;o a,,z"™. Substituting this form into
Eq. (29) we find

Z[n(n — Dan,2""? = 2zna,z" " + Ana,z"] = 0.
n=0

Starting with the highest power of z, we demand
that the coefficient of 2"V vanishes. We require
—2N +A=0o0r A=2N.
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Legendre’s equation

Legendre's equation is
(1—2%)y" —2zy +1(1+ 1)y = 0. (32)

In normal usage, the variable z is the cosine of the
polar angle in spherical polars, and thus —1 < z < 1.
The parameter [ is a given real number, and any
solution of Eq. (32) is called a Legendre function.

z = 0 is an ordinary point of Eq. (32), and so there
are two linearly independent solutions of the form
y =" 5anz". Substituting we find

oo

Y [n(n —1)apz""? = n(n — 1)a,z"

n=0

—2na,z" + (1 + 1)a,z"] =0,

which on collecting terms gives

> {(n+2)(n+ 1)anss

n=0

—nn+1) =1+ 1)]ap}z" = 0.
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The recurrence relation is therefore
nn+1)—1(1+1)]
(n+1)(n+2)

forn=0,1,2,.... If we choose ag =1 and a1 =0

Ap4+2 = A, (33)

then we obtain the solution
2
= 1-1(+ )5
4
+(—=2)I(L+ 1)(l + S)J — - (34)
whereas choosing ag = 0 and a; = 1, we find a

second solution

—(z—1>(z+z)§

(1= 3) (1 — 1)1+ 2)(i +4)';—T _

(35)

Both series converge for |z| < 1, so their radius of
convergence is unity. Since Eq. (34) contains only
even powers of z and (35) only odd powers, we can
write the general solution to Eq. (32) as

Yy = c1y1 + coyo for |z| < 1.
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General solution for integer 1
Now, if [ is an integer in Eq. (32),i.e. [ =0,1,2,...
then the recurrence relation Eq. (33) gives

11+ 1) — 11+ 1)]
(+ 1)+ 2)

aj4+2 — a; = 07

so that the series terminates and we obtain a
polynomial solution of order [. These solutions are
called Legendre polynomial of order [; they are
written P;(z) and are valid for all finite z. It is
convenient to normalize Pj(z) in such a way that
P,(1) =1, and as a consequence P;(—1) = (—1)".
The first few Legendre polynomials are given by

Py(z) =1 Pi(z) =z

Py(z) = %(37;2 _1) Py(z) = %(5:53 ~ 32)

1
Py(2) = g(35,z4 —302% + 3)

1
Ps(2) = §(63z5 — 702°
+152).
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According to whether [ is an even or odd integer
respectively, either y1(2) in Eq. (34) or y2(2) in

Eq. (35) terminates to give a multiple of the
corresponding Legendre polynomial P;(z). In either
case, however, the other series does not terminate
and therefore converges only for |z| < 1. According
to whether [ is even or odd we define Legendre
function of the second kind as Q;(z) = ay2(2) or
Q1(2) = Biy1(z) respectively, where the constants «
and [3; are conventionally taken to have the values

(=D)Y22![(1/2)1?
[
(DD - 1)/2)

/!

o7 for | even, (36)

112
3 for [ odd.
(37)

B
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These normalization factors are chosen so that the
(0;(z) obey the same recurrence relations as the
Pi(z). The general solution of Legendre's equation
for integer [ is therefore

y(2) = c1Pi(z) + c2Qi(2), (38)

where P;(z) is a polynomial of order [ and so
converges for all z, and @;(z) is an infinite series
that converges only for |z| < 1.
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Example

Use the Wronskian method to find a closed-form
expression for Qo (z).

Answer

From Eq. (23) a second solution to Legendre's
equation Eq. (32), with [ =0, is

y2(2) = Fo(?) /Z [Po(lu)]2 P (/u

/Z exp [~ In(1 — v?)] du

“ du 1 1+ 2
_ o | 39
[ @ =) (

Expanding the logarithm in Eq. (39) as a Maclaurin

series we obtain
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Comparing this with the expression for QQy(z), using
Eq. (35) with [ = 0 and the normalization Eq. (36),
we find that y»(2) is already correctly normalized,

and so

1+ z
In :
2 (1—2)
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Properties of Legendre polynomials

Rodrigues’ formula

Rodrigues’ formula for the P;(z) is

To prove that this is a representation, we let
u= (22 —1)!, so that v/ = 2[z(z%2 —1)'~! and

(22 — v’ — 2lzu = 0.

If we differentiate this expression [ 4+ 1 times using
Leibnitz’ theorem, we obtain

which reduces to

(22 — Du™?) 4 224D — (14 1Du
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Changing the sign all through, and comparing the
resulting expression with Legendre’'s equation

Eq. (32), we see that u() satisfies the same
equation as Pj(z), so that

u(l)(z) =P (2), (41)

for some constant ¢; that depends on [. To establish
the value of ¢;, we note that the only term in the
expression for the [th derivative of (22 — 1) that
does not contain a factor z2 — 1, and therefore does
not vanish at z = 1, is (22)"1!(2? — 1)°. Putting

z =1 in Eq. (41) therefore shows that ¢; = 2!i!,
thus completing the proof of Eq. (40).
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Example

Use Rodrigues’ formula to show that

I = /_1B(z)Pl(z) dz %LH (42)

Answer

This is obvious for [ = 0, and so we assume [ > 1.
Then, by Rodrigues’ formula

=g [ [P [He ]

Repeated integration by parts, with all boundary

terms vanishing, reduces this to

(—D" [t A,
= g /_1(z 1) (e 1) d

(20! [ N
220112 /_1(1—2 ) dz.
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If we write
1
K :/ (1 —2*)"dz,
—1

then integration by parts (taking a factor 1 as the
second part) gives

1
K; = / 2022 (1 — 2%) " dz.
—1

Writing 20z% as 2] — 2I1(1 — 22) we obtain

1 1
K; 21/ (1—23)"1dz — 21/ (1 — 23" de,

-1 —1
= 2lK;_ 1 —2IK;

and hence the recurrence relation
(20 + 1)K; = 2IK;_1. We therefore find

2 20—2 2

K
aA+120—1 37

21! 5 _ 2201 (11)

U+ @2+

K

2L
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Another property of the P;(z) is their mutual
orthogonality

/1 P()Pu(x)dz =0 ifl £k (43)

—1
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Generating function for Legendre
polynomials

The generating function for, say, a series of
functions f,(z) forn =10,1,2,... is a function
G(z,h), containing as well as z a dummy variable h,

such that
= falz)h™,
n=0

i.e. fn(2) is the coefficient of h™ in the expansion of
G in powers of h.

Let us consider the functions P, (z) defined by the
equation

G(z,h) = (1—2zh+h%)"1/2 = ZP

The functions so defined are identical to the
Legendre polynomials and the function

(1 — 2zh + h?)~1/2 is the generating function for
them.
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In the following, dP,,(z)/dz will be denoted by P/ .
First, we differentiate the defining equation Eq. (44)
with respect to z to get

h(1—2zh+h*) 732 =3 "P/h".  (45)

Also. we differentiate Eq. (44) with respect to h to
yield

(z— h)(1 = 2zh+ h?) 732 =) "nP,h""'. (46)

Eq. (45) can be written suing Eq. (44) as
h) Pyh™ = (1—2zh+h?) > Ph"

and thus equating coefficients of A" we obtain
the recurrence relation

P,=P . —2:P,+P . (47)
Eqgs. (45) and (46) can be combined as

—h)Y Pih"=h) nP,h"!,

from which the coefficient of h™ yields a second
recurrence relation

zP! — P =nP,. (48)
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Eliminating P/ | between Eqs. (47) and (48) gives
the further result

(n+1)P, =P, —2P). (49)

If we now take the result Eq. (49) with n replaced
by n — 1 and add z times Eq. (48) to it, we obtain

(1—25)P, =n(P,_1 — zPB,).

Finally, differentiating both sides with respect to z
and using Eq. (48) again, we find

(1-2°)P, —2:P, = n[(P,_, —2P,) — Py
= n(—nP, — P,)
= —n(n+1)P,,
and so the P, defined by Eq. (44) satisfies
Legendre's equation. It only remains to verify the
normalization. This is easily done at z = 1 when G
becomes

G(Lh)=[1-h*""2=14+h+h*+--,

and thus all the P, so defined have P, (1) = 1.
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Bessel’s equation

Bessel's equation has the form

22y 4+ 2y + (22 — 1)y = 0, (50)

where the parameter v is a given number, which we
may take as > 0 with no loss of generality. In
Bessel's equation, z is usually a multiple of a radial
distance and therefore ranges from 0 to oo.

Rewriting Eq. (50) we have

By inspection z = 0 is a regular singular point;
hence we try a solution of the form

y =273 ", a,2z". Substituting this into Eq. (51)

2—0

and multiplying the resulting equation by 277, we

obtain

Z[<O+n)(0+n—1)+(g+n)_y2] a, "

n=0
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which simplifies to

o

Z[(O +n)? — v¥anz" + Z an,z" % = 0.

Considering coefficients of z° we obtain the indicial
equation

o — 1% =0,

so that ¢ = £v. For coefficients of higher powers of

z we find

[(c+1)*=v’]ar = 0O, (52)
[(0 +n)? — VQ} Qp, + Qp_o 0 forn > 2.
(53)

Substituting o = +v into Egs. (52) and (53) we
obtain the recurrence relations
(1+2v)aq 0, (54)
n(n + 2v)a, + an—o 0 forn>2. (55)
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General solution for non-integer v

If v is a non-integer, then in general the two roots
of the indicial equation, o7 = v and o9 = —v, will
not differ by an integer, and we may obtain two
linearly independent solutions. Special cases od
arise, however, when v =m/2 form =1,3,5, ...,
and 01 — 09 = 2v = m is an (odd positive) integer.
For such cases, we may always obtain a solution in
the form of Frobenius series corresponding to the
larger root 07 = v = m/2. For the smaller root
oy = —v = —m/2, however, we must determine
whether a second Frobenius series solution is
possible by examining the recurrence relation

Eq. (55), which reads
n(n —m)a, + a,—o =0 for n > 2.

Since m is an odd positive integer in this case, we

can use this recurrence relation (starting with

ag # 0) to calculate asg, ay, ag, - ... It is therefore
possible to find a second solution in the form of a
Frobenius series corresponding to the smaller root

09.
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Therefore, in general, for non-integer v we have
from Egs. (54) and (55)

1
n — n—2 f = 2,4,6,...,
a n(niQu)a o forn

0 forn=1,3,5,....

Setting ag = 1 in each case, we obtain the two

solutions

2
+v <
v — 1 —
e (2) : 22+t 20)

2’4

2 x 4(2 + 2v)(4 £ 2v)

1
2T (1 +v)’

ao

where I'(x) is the gamma function.
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The two solutions of Eq. (50) are then written as
J,(2) and J_,(2), where

J,(2)

1 1
(V+1)(V+2)§(

2 n!r((y_j); 1) (5) " o

n=0

and replacing v by —v gives J_,(z). The functions
J,(z) and J_,(z) are called Bessel functions of the
first kind, of order v. Since the first term of each
series is a finite non-zero multiple of z¥ and z7™¥
respectively, if v is not an integer, J,(z) and J_,(2)
are linearly independent. Therefore, for non-integer
v the general solution of Bessel's equation Eq. (50)
is

y(z) = c1dy(2) + caJ_u(2). (57)
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General solution for integer v

Let us consider the case when v = 0, so that the
two solutions to the indicial equation are equal, and
we obtain one solution in the form of a Frobenius
series. From Eq. (56), this is given by

oo

B (_1)n22n
olz) = E::pnnux14-n)

n=0

< 2’4 26

bt ap T ape T

In general, however, if v is a positive integer then

the solutions to the indicial equation differ by an
integer. For the larger root, o1 = v, we may find a

solution J,(z) for v =1,2,3,..., in the form of a

Frobenius series given by Eq. (56).

For the smaller root 0o = —v/, however, the
recurrence relation Eq. (55) becomes

n(n —m)a, + a,_o =0 forn > 2,

where m = 2v is now an even positive integer, i.e.
m=2,4,0,....
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Starting with ag # 0, we may calculate

as,aq, ag, . . ., but we see that when n = m the
coefficient a,, is infinite, and the method fails to
produce a second solution.

By replacing v by —v in the definition of J,(z),
Eq. (56), we have, for integer v,

Ju(2) = (=1)"Ju(2)

and hence that J,(z) and J_,(2) are linearly
dependent. One then defines the function

Jy(z)cosvm — J_,(2)

sin VT

YU(Z) — ) (58)

which is called a Bessel's function of the second
kind or order v. For non-integer v, Y, (2) is linearly
independent of J,(z). It may also be shown that
the Wronskian of J,(z) and Y, (z) is non-zero for all

values of v. Hence J,(z) and Y, (z) always

constitute a pair of independent solutions. The
expression Eq. (58) does, however, become an
indeterminate form 0/0 when v is an integer.
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This is so because for integer v we have
cosvm = (—1)” and J_,(2) = (—1)"J,(2). For
integer v, we set

Ju(2)cos um — J_ (%)

Y,(z) = lim

59
p—v sin pu - (59)

which gives a linearly independent second solution
for integer v. Therefore, we may write the general
solution of Bessel's equation, valid for all v, as

y(z) = c1du(2) + Y, (2). (60)
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Properties of Bessel functions

Example

Prove the recurrence relation

d 174 v
TELEI =), (6

Answer

From the power series definition Eq. (56) of J,(z2),
we obtain

g = L3o U

dz dz v 22l (v +n+ 1)

n=0

o0 (_1)nz21/—|—2n—1

TLZ:O vH2n—IpIT (v + n)

0 (_1)nz(1/—1)+2n

: 7;) 2=+ (v —1+n+1

2V J,_1(2).
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Similarly, we have

2T (2)] = =27 g (2). (62)

From Egs. (61) and (62) the remaining recurrence
relations may be derived. Expanding out the
derivative on the LHS of Eq. (61) and dividing

through by 2¥~!, we obtain the relation
20 (2) +vd,(2) = 2J,_1(2). (63)

Similarly, by expanding out the derivative on the
LHS of Eq. (62), and multiplying through by z**1,
we find
2J(2) —vd,(2) = —2J,11(2). (64)
Adding Eq. (63) and Eq. (64) and dividing through
by z gives
Ju-1(2) = Jus1(2) = 2J,(2). (65)

Finally, subtracting Eq. (64) from Eq. (63) and
dividing through by z gives

Toi()+ Joia(z) = (). (66)
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Mutually orthogonality of Bessel functions
By definition, the function J,(2) satisfies Bessel's
equation Eq. (50),

2y 4+ 2y + (22 — 1)y = 0.

Let us instead consider the functions f(z) = J,(\z2)
and g(z) = J,(uz), which respectively satisfy the
equations

z2f”+zf’+(>\2z2—v2)f

229"—|—zg’—|—(u222—u2)g
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Example

Show that f(z) = J,(\z) satisfies Eq. (67).

Answer

If f(2) = J,(Az) and we write w = Az, then
df dJ,(w) d* f o, d?J, (w)
— = A d — =) :
dz dw 0 42 dw?

When these expressions are substituted, the LHS of
Eq. (67) becomes

d.J,(w)
dw
5 d*J, (w) dJ,(w)

= w + w o + (w* = v?)J, (w).

+ 2z + (A2 — ) J, (w)

But, from Bessel's equation itself, this final
expression is equal to zero, thus verifying that f(z)
does satisfy Eq. (67).
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Now multiplying Eq. (68) by f(z) and Eq. (67) by
g(z) and subtracting gives
d
—2(g =9/ =\ =p)zfg,  (69)
where we have used the fact that
d
(g =g/ =2(fg" —9f") + (f9' = 9f").

By integrating Eq. (69) over any given range z = a
to z = b, we obtain

1

[ s1@eeds = el

b

—29(2)f(2)]q 5

which, on setting f(z) = J,(\z) and
g(z) = J,(uz), becomes

1

/sz()\z)Jy(uz)dz = e (nzd, (A2)J) (uz)

Az, (pz)J,(Az)) . (70
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If X\ # 1 and the interval [a, D] is such that the
expression on the RHS of Eq. (70) equals zero we
obtain the orthogonality condition

/b zJ,(Az2)Jd, (uz)dz = 0. (71)
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Generating function for Bessel functions

The Bessel functions J,(z), where v is an integer,
cab be described by a generating function, which is
given by

G(z,h) = exp [% (h - %)] - i Tn(2)h".

(72)
By expanding the exponential as a power series, it
can be verified that the functions J,(z) defined by

Eq. (72) are Bessel functions of the first kind.
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Example

Use the generating function Eq. (72) to prove, for
integer v, the recurrence relation Eq. (66), i.e.

Ju—1(2) + Ju1(2) = —J(>

Answer

Differentiating G(z, h) with respect to h, we obtain

0G(z,h) =z 1 n-1
o _§<1+ﬁ> Zn] )h

which can be written using Eq. (72) again as

e

. (1 + %) i:;Jn(z)hn W (2)h L

— OO

Equating coefficients of h™ we obtain

% [Jn(2) + Jny2(2)] = (0 + 1) Jnya(2),

which on replacing n by v — 1 gives the required
recurrence relation.
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